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Introduction. Perfectly stable subgroups arise when considering a group G, its
subgroup H and a right transversal M in G, i.e. such a subset M in G that M NHg| =1
forany g € G. A right quasigroup operation on the set M can be induced from the group
operation of G. Indeed, it can be shown that the binary operation on M mapping any
pair (a,b) € M x M to the element ¢ such that ¢ € H(ab), defines a right quasigroup
structure with a left neutral element on the set M (see the property (P1) in the next
section). However the obtained right quasigroup strongly depends on the choice of the
transversal M. In the case when H is a normal subgroup of G, one can easily prove
that all the right quasigroups will be isomorphic to the quotient-group G/H. However,
in general the right quasigroups obtained from two different transversals might be
non-isomorphic, so, the concept of the quotient-group can not be easily generalized in
this aspect.

To generalize the concept of normal subgroups (hence the concept of quotient-
groups), Lal and Shukla [ 1] introduce the concept of perfectly stable subgroups:

Definition 1. The subgroup H in the group G is called perfectly stable,
if all right transversals with the right quasigroup operation mentioned above are
isomorphic.

From the Definition 1 it follows that any normal subgroup in a group is perfectly
stable. A question arises: is the inverse also true, i.e. is any perfectly stable subgroup
in a group also a normal subgroup? In [1] Lal and Shukla answer this question partially,
proving the equivalence of the concepts in the case of a finite group G. However,
the question remains open for the general (infinite) case.
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In this paper we provide a proof for both cases of finite and infinite groups G
(see Theorem 2). Moreover, our proof is much simpler than the interesting proof
presented in [ 1], using Remak—Krull-Schmidt theorem for quasigroups, the classifica-
tion of finite simple groups and other concepts.

In this paper the proof of the Main Theorem is given by using the concept of
hypergroups over a group, originated in the same spirit as perfectly stable subgroups.
Indeed, the concept of hypergroup over a group naturally arises when one tries to
extend the concept of quotient group for the case of an arbitrary subgroup. For any
group G and its subgroup H here we also consider a right transversal M and the right
quasigroup structure on it mentioned above. However, the object of interest here
is the triple (G,H,M) instead of the transversal M. It also turns out that any right
quasigroup possessing a left neutral element can be obtained up to isomorphism from
atriple (G,H,M) by the discussed way (see [2], Theorem 1.1, also [3], Theorem 3.4).
This fact allows to investigate the right quasigroups with left neutral elements by
means of group theory, particularly the theory of triples (G,H,M) [2,4,5].

The connection between the triples (G,H,M) and the hypergroups over the
group is straight forward after we introduce the standard construction of hypergroups
over a group in the next section. However, the categorical equivalence between the
theories of hypergroups over a group and the triples (G,H,M) is shown in [6].

Let us emphasize that R. Lal has introduced the concept of c-groupoids [3],
which coincides with a special case of the hypergroups over a group, namely the
unitary hypergroups over the group [7]. The concept of c-groupoids has found its
applications in characterization of Tarski monsters [&], in a research on right transver-
sals in topological groups [9] and in other problems. The concept of hypergroups over
a group has arisen independently from the concept of c-groupoids.

Also let us mention that the term “hypergroup” is already used for another
concept too. Here this concept of hypergroup is not considered, so, sometimes we will
call the hypergroups over a group shortly hypergroups.

Definition and Preliminary Results on Hypergroups over a Group.
The concept of hypergroup over a group was introduced by Dalalyan in [10] and,
as we mentioned before, arises when one tries to extend the concept of quotient-group
in the case of arbitrary subgroup of a group.

As in the case of perfectly stable subgroups, here we also consider a group G,
its subgroup H and a right transversal M. The right quasigroup operation on M is
defined and it coincides with the operation = defined below.

It can be shown [11] that M is a right transversal of the subgroup H in G
if and only if M is a right complementary set of the subgroup H in G, i.e. for any
x € G there are unique elements @ € H,a € M such thatx = «a - a.

Thus, if M is a (right) transversal of the subgroup H in G, we get that for any
elements & € H and a,b € M the elements & - a,a - b € G are uniquely represented as
products of an element from H and an element from M:

a-o="0-a%, a-b=(a,b)-[a,b],

where ‘@, (a,b) € H and a*, [a,b] € M. The concept of the hypergroup over a group
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arises when considering the triple (G,H,M) and the mappings (further in this paper
we will often use these notations for the mappings ®, ¥, =, A)
o(®) ®:MxH—M, P(a,00) = a*%;
o(¥) W:MxH—H, Y(a,a) =“a;
¢ (E) E:MxM—M, E(a,b) = |a,b];
e(A) A:MxM—H, A(a,b) = (a,b).
It is proven (see [ 10], Theorem 2) that the following conditions are satisfied:
(P1) The mapping ZE is a binary operation on M such that (M, ) is a right
quasigroup with a left neutral element, i.e.
(i) any equation [x,a] = b with elements a,b € M has a unique solution
in M,
(ii) there is an element o € M such that [0,a] = a for any a € M.
(P2) The mapping & is an action of the group H on the set M, i.e.
(i) (a®)P = a*P for any elements a, B € H and for every a € M;
(ii) a® = a for each a € M, where ¢ is the neutral element of H.
) Forany a € H there is an element 8 € H such that a = °f3.
P4) The following identities (A1)—(A5) hold:

(A1) :
(A2) [a,b]* =[a*,b%];

(43) (a,b)- 1" =4(*a)-(a"*,b%);

(44) [la,b],c] = [a®),[b,c]];

(AS) (a,b)-([a,b],c):”(b,c)-(a(b=c),[b,c]).

Definition 2. For an arbitrary set M, a group H and a system of mappings
Q= (P,¥,E,A) we call the triple (M,H,Q) a (right) hypergroup over the group H,
if the conditions (P1)—(P4) are satisfied. Such a hypergroup over a group is denoted
by My. It is proved that the hypergroup axioms (P1),(P2),(P3),(A1)-(AS)
are independent (see [12], Theorem 1).

Definition 3. If the hypergroup My is obtained by considering a group G,
its subgroup H, a transversal M and the operations ®,¥,Z, A defined by (®)—(A),
then we say that My is obtained by the standard construction from the triple (G,H,M).

By defining the concept of hypergroup isomorphism in a natural way, it can be
proven (see [10], Theorem 5) that any hypergroup can be obtained by the standard
construction up to isomorphism. So, any hypergroup My can be used to construct an
extension of the group H to a group G containing M as a (right) transversal. Such an
extension is introduced in [10] and is called the exact product of the group H and the
set M associated with the hypergroup My.

Thus, there is a connection between the hypergroups and the triples (G,H,M),
moreover there is a categorical equivalence between these concepts [6]. Therefore,
if a hypergroup My is given, one may obtain new hypergroups by considering other
transversals of the subgroup H in the group G (exact product of H and M associated
with the hypergroup My). More precisely, let the hypergroup My be obtained by
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the standard construction from the triple (G,H,M). Let M’ be an arbitrary transver-
sal of H in G. Then for any element a € M there is a unique element o/(a) € H
such that a(a)-a € M’. Consider the mapping k : M — H; a — oa) = K,
we will get M' = {K,,-a | a € M}. Similarly for any mapping k : M — H the set
M' ={K,-a|a € M} will be a right transversal of the subgroup H in the group G.

It can be shown (see [10], corollary of Proposition 3) that for any hypergroup
My, Q = (®,¥,E,A) and any mapping k : M — H, the set M and the group H with
the system of structural mappings Q = (P, Vi, Ex, Ag) defined below satisfy the
conditions (P1) — (P4) by so defining a new hypergroup structure on M and H,
denoted by (My):

o (D) Py(a,ax) =P(a,q);

o (V) Y(a,a)=x, - ¥la,a)- qu(la.a) =K, Y0 K
i (EK) E(aab) = E(q)(aa Kb)>b) = [aKbvb];
o (Ax) Ax(a,b) =K ¥(a, k) A P(a,K5),b) Ky gy ) 5) = Ka* K- (@™, )

-1
X K% p)-

Moreover, the following theorem holds:

Theorem 1. Let My be a hypergroup over the group obtained by the stan-
dard construction from the triple (G,H,M), and x : M — H be an arbitrary mapping.
Then the hypergroups (My ) and M}, are isomorphic, where M' = {x,-a|a € M}.
Particularly the right quasigroups (M',E") and (M, ZE) are isomorphic.

Proof. Consider the pair of mappings

f:(f()afl):M;'I_)(MH)lﬁ fO(a):a7 f](Ka'Cl):a.

Due to the definition of M’, the mapping f is well defined, moreover, it is a bijection.
It remains to check that the morphism f = (fo, f1) preserves the structural mappings
of hypergroups (M), and Mj,. O

To prove the main result of this paper the following corollary is used:

Corollary. Let G be a group, H be a subgroup of G, and M be a right
transversal of H in G. Then the subgroup H is perfectly stable if and only if the right
quasigroup (M,E) is isomorphic to the right quasigroup (M,Zy) for any mapping
K:M— H.

The Main Result. In this section the Main Theorem 2 is proved.

Theorem 2. The subgroup H of the group G is perfectly stable if and only if
H is a normal subgroup.

To prove the Theorem 2, we use the following lemma.

Lemma. Let My be such a hypergroup obtained by the standard construction
from the triple (G,H,M) that M NH = {€}, where € is the neutral element of G.
Also assume that (M, E) is isomorphic to the right quasigroup (M, Ey) for any mapping
K:M—H, x(M)C< (a,b)|a,beM>. Then (M,E) is a group.
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Proof. Let us show that the binary operation E is associative. Due to the
identity (A4), it is sufficient to show that a(»*) = 4 for any elements a,b,c € M.
Let a,b,c € M be arbitrary elements. Consider the mapping kK : M — H, k, = (b,c)
for any element x € M.

First, let us notice that o is also the left neutral element of the right quasi-
group (M, E). Indeed, it is not difficult to see that 0* = o for any element oo € H
(see also [10], identity (A7)), hence E(0,x) = [0), x] = [0,x] = x. Moreover, o is
also a right neutral element for the right quasigroup (M, E), since it is isomorphic to
(M,Z) and [x,0] = x for any element x € M. The latter immediately follows from the
condition M NH = {&}. Thus,

al?©) = [a(b’c),o] = E¢(a,0) =a.
It remains to notice that any associative binary operation, satisfying the conditions
(P1)(i) and (P1)(ii), is a group operation. O
Now let us start the proof of the Main Theorem 2.

Proof. Aswe mentioned above, in the case when the subgroup H in the group
G is normal, the right quasigroup (M, ZE) will be isomorphic to the quotient-group
G/H for any right transversal M. Hence the subgroup H will be perfectly stable.

Now assume the subgroup H is perfectly stable, let us show that H is a normal
subgroup. Let M be a right transversal of H in G such that M NH = {€}.

It is sufficient to show that a®* = a for any elements a € M, @ € H. Indeed, we
have that a- o - (a®)~! = “a € H, hence a* = a will imply the equality a-H-a~' = H
for any element a € M.

To show the equality a* = a, let us fix an arbitrary element o € H and consider
the mapping k¥ : M — H, K, = . Due to Corollary and Lemma, the right quasigroups
(M,Z) and (M, E) are groups with neutral element o. Hence, by using the identity
0% = o0, we get:

a® = [a%, 0] = [a%,[0%,0]] = Ex(a EK(O,O)) Ex(Ex(a,0),0) =

[[aO]][ 0] =a*

Hence, by using (P2), we obtain a = a% o7l — 4% for any element a € M. O

Conclusion. In this paper an open question about the equivalence of the
concepts of perfectly stable and normal subgroups is considered. The Main Theorem
is proved by means of the theory of hypergroups over a group.
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C. . LUJUWUUNMr8UL

GUSUNBIUNEU USUAPL BJd. LNANUUL GLE-UWRUREN

8nyg £ yppdwd tnpiwy b upuptjuytiu upuphy Ghpwhidpbph hwuljugni-
pynibbtph hwdwpdbpmpyniop: Shibwlub ptnptidh wywugnygp ppud t anp
hwuljugmpyut’ fudph upuuwdp hhybipfadptinh dhengny:

1. X. HABACAP/IAH

COBEPIIIEHHO CTABMJ/IBHBIE U HOPMAJIBHBIE ITOAT'PVIIIIBI

[Tokazana SKBUBAaJEHTHOCTH IOHSITHII COBEPIIEHHO CTAOW/IBHBIX U
HOPMAaJILHBIX MOATPYII. [UlaBHas TeopeMa JI0Ka3aHa C IIOMOIIBIO HOBOI'O
IIOHATUS TUIEPTPYIIIBI HA/Jl IPYIIIO.
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