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ON AUTOMORPHISM GROUPS OF ENDOMORPHISM SEMIGROUPS
OF FINITE ELEMENTARY ABELIAN GROUPS
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In this article, we explore the automorphisms of endomorphism semigroups
and automorphism groups of the finite elementary Abelian groups. In particular,
we prove that Aut(End(Z, $Z, & --- $Z,)) can be canonically embedded into
Aut(Aut(Z, ®Z, P --- P Zp)) using an elementary approach based on matrix
operations. We also show that all automorphisms of End(Z, ®Z,®--- ®Z))
are inner.
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Introduction. For a group G, let Aut(G) and End(G) denote the automorphism
group and endomorphism semigroup of G, respectively.

The question about description of the automorphisms of End(A), for A being a
free algebra in a certain variety, was raised by B.I. Plotkin (see [1]).

The automorphisms of End(G) and the relationship between Aut(End(G))
and Aut(Aut(G)) are well-studied for some specific groups [2—4].

In this paper, we study the automorphism group of endomorphism semigroup
of finite elementary Abelian groups.

LetG=2Z,®Z,®---DZL,, where p is a prime number and n > 2.

n
In contrast to the results for the free groups [2] and free Burnside groups

[3], we show that Aut(End(G)) and Aut(Aut(G)) are not isomorphic in general.
More precisely, the former one can be canonically embedded into the latter.

It can be easily checked that End(G) = M,(Z,) and Aut(G) = GL,(Z,),
where M,,(Z,) denotes the multiplicative semigroup of all n x n matrices over Z,,.

It should be noted that the automorphisms of M, (Z,) have been already descri-
bed in [5,6]. Here, we introduce a new approach for this problem, which was motivated
by [3,7]. The method is quite elementary: it uses only operations with matrices.
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Now we state our main results.
Consider the natural homomorphism
7 : Aut(End(G)) — Aut(Aut(G)),
given by () = (p‘ Au(G) for any automorphism ¢ of End(G).

Theorem 1. 7 is an injective homomorphism.
Theorem 2. All automorphisms of M,(Z,) are inner.

Preliminaries. We start with introducing some notation to be used throughout
the paper.
Let E;; denote the n x n matrix with only nonzero element 1 in the

01 0 --- 0
oo 1 --- 0
(i, j)-th position, and set N =Ejp +Ex3+---+E,_1,=| ¢ . ..
00 --- 0 1
00 --- 0 O

Let P;; denote the permutation matrix corresponding to the transposition (i j).
For a matrix M, [M];; stands for the entry in the i-th row and j-th column.

L, j=k

Lemma 1. EijEkl = SjkEl‘l, where 6jk = {07 ]# X

The proof of Lemma 1 is straightforward.

Lemma 2. If ¢ € Aut(M,(Z,)), then ¢(O,) = O,, where O, denotes the
n X n zero matrix.

Proof. Indeed, 0,07 '(0,) = O, implies ¢(0,)0, = ¢(0,), therefore,
©(0,) = 0,. O
Next lemma is crucial for the method of proof of the main result.

Lemma 3. M,(Z,) can be generated by 3 elements, one of which is N,
and the other two are invertible.

Proof. See [7] for the proof. ]

The Proof of the Main Results.

Proof of Theorem 1. Since End(G) = M,(Z,) and Aut(G) = GL,(Z,),
we are going to prove that ker(7) = {1z, }, that is, if the restriction of
¢ : M,(Z,) = My(Z,) on GL,(Z,) is the identity automorphism of GL,(Z,),
then ¢ is the identity automorphism of M,(Z),).

So, assume (p‘Aut(G) =161,(z,)-

Considering Lemma 3, it is sufficient to show that ¢(N) = N.

aiy ap ccc o dip

a1 axp - ay
Let o(N) = . ]

anl dp2 - dpp
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We consider the n X n permutation matrix corresponding to the permutation

0 - 0 1

1 2 ... n -0 0
D Pi=En+Eg++Epo =

n 1l ... n-1 : R

0 --- 1 0

Since NE|; = (E1n+ -+ Eyp—12)E11 = O, by Lemma 1, we have

NP =N(Pi+E)=(Ep+-+Ei1n)(Etn+En++En1)= 0
=En+En+--+E_1,-1 =:A,

and hence @(NP;) = @(N(Pi +E11)) = @(A). On the other hand,

app -+ a4l

azy -+ dyp A2
eA)=9oN)oP)=oN)P=| . . .|, 2)

dp2 - Aupn Al

because P; € GL,(Zp).

@(N(Pi+E)) = @(N)o(Pi+E11) = @(N)(Pi+E) =

ajgzt+ap - ap an

axi+ax -+ Ay a (3)
- . . )

apl+ap2 -+ Aun Al

since P + E; is also invertible.
Combining (1), (2) and (3), we obtain the following equations:

ajl +ap = ap, i:l,Z,...,n,

henceau =ajy|] = =dady =0.
By a similar reasoning, we have
PN= (P, +E;,)N=Exp+---+E,, = B. 4
So @(PIN) = @((P +Eum)N) = ¢(B). But
apl an2 cee Ann
ari a2 Tt Aln
P(AN) = @(P)o(N) =Pio(N) = | . S (5)
ap—11 Adp—12 **° Qup—In
and
(P((Pl +Erm)N) = q’(Pl ""Enn)q)(N) = (Pl +Enn)(P(N) =
anl an2 T [
- ai aip ain (6)
ap—11+ay au-12+ay -+ ap-1p+ap

since P; + E,, € GLy(Z)).
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Egs. (4), (5) and (6) together imply the following equations:

an-1j+anj = ap-1j, j=12,...,n,
hence a,; = ap =+ = a,, =0.

Thus, we have
0 an - an ap - a0
0 axn - ay axn ay O

p(N)=|: : : : , 9(A)= : :
0 ap—12 -+ an—1n ap—12 -+ au—1p O
o o - 0 0 0 0

‘We first consider the case n = 2. Then we have

ca-s((,5)-(5 3

Lemma 2 asserts that a;, is nonzero.
p—1
As AP~ = A, we get @(A) = <a18 8) = A by Fermat’s little theorem.

Therefore, ¢(N) = N and we are done.
Below we assume that n > 2. It is easy to check that Py,BP, = A.

Since B = P|N, we will have
(PinP1)NPy, = A. (7)
PPy = (Eyn+Exn+-+E;1n1+En)(Etn+Ex+- +Epm1) =
=Epu1+En++Eiin2+tEmn.
Applying ¢ to (7), we get the following equality: PPi@(N)P, = ¢(A).
Writing @(N) in terms of E;;, we easily obtain
(PinP1)@(N)Pyy =

n
(Etp—1+Exi+-+Ei_tn—2+Enm) ( ) aijEij> (Ein+En+-+Ejin1+En) =
=

(an—1nE11 +an—12E10+ -+ an—1n—1E1n—1) + (a1nE21 + a2 E31 + - -+ an—onEn—1)+

n—2n—1
+3Y Y aijEiq;.
i=1 j=2
n n
On the other hand, @(A) = Z Z a;;jE;j+1 by (2), consequently, we get
i=1j=2
ajpp =ax3 = ... =dp—1n,
a3 =ax =...=day-12,

dip =4a22 = ... = dp—1n—1-
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app ajz - a0
ain a2 -+ app—1 0O
Thus we have @(A) =
a;3 aig - app 0
0 o .- 0 0
It is obvious that PyAPy = A and therefore, Py@(A)Py = @(A).
But since [Py @(A)Pay]12 = aipy1, it follows that ajz = -+ = ay,.
Now leta = ajp,b = ay3, so
a b --- b 0 0O a b --- b
b a --- b 0 0 b a b
p(A)=|: ¢ .. ¢ | and Q(N)= Dol
b b - a 0 0O b b - a
00 - 00 00O 0

We show that a =1 and b = 0.

For p = 2, we consider the following possible cases:

1. a=b=0. Since ¢ is an automorphism, (A) = @(N) = O, yields a
contradiction.

2. a=b=1.1fniseven, (¢p(N))?> = ¢(N?) = O,, though N> £ O,.
If nis odd, (¢(A))? = @(A?) = O,, though A2 = A # O.
So we reach a contradiction in this case as well.

3. a=0, b=1. Since N" = O,, it must follow that (¢p(N))" = O,
by Lemma 2.

Let (N) =Candv=(0,0,...,0,1,1)" € R". We obtain

Cv=(0,0,...,1,1,0)" ..., " v =(1,1,...,0,0,0)", " 'v=(0,1,1,...,1,0)" .

Since C"v=C(0,1,1,...,1,0) is equal to the sum of columns from the second
to (n— 1)-th, it cannot be the zero vector, because its first coordinate is
(a+ (n—2)b) mod2, while the (n — 1)-th coordinate is (b + (n — 2)b) mod2;
obviously these two numbers cannot be equal to zero at the same time. Since C"v # 0,
we deduce that C" = (¢(N))" # 0, which is again a contradiction.

Hence, the only possible case is

4. a=1,b=0.

Now assume p # 2.

p—1 0 -~ 0
o 1 -0

Let D denote the diagonal matrix
0O 0 --- 1

Since (p—1)*> =1 in Z,, it is easy to see that DAD = A. Therefore,
¢(A) = D@(A)D, because D € GL,(Z,). We have
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a (p=1)b - (p—1)b 0
(p—1)b a b 0
Do(A)D = : : : |
(p—Db b a 0
0 0 0 0
so (p—1)b =b. We deduce that b =0, as p # 2.
a 0 --- 00
0O a -~ 00
Thus, (A)=[: = - &
00 -+ a O
00 --- 00

Applying Lemma 2 one more time, we have a # 0. Once again applying
Fermat’s little theorem, we get:

P(4) = p(AP™") = p(A)"~ =A.

This means that ¢(N) = N, which completes our proof. O

Proof of Theorem 2. The automorphisms of GL,(Z,) can be represented
as a composition of automorphisms of three types: inner automorphisms, radial
automorphisms and transpose-inverse automorphism [8, 9].

Obviously the inner automorphisms of GL,(Z,) can be extended to those of
M,(Z,). We show that the other types of isomorphisms do not possess that property.

We first consider the simplest case n = 2, p = 2. Since GL,(Z,) is not
cyclic and contains 6 elements, it is isomorphic to S3, which is a complete group,
i.e. its every automorphism is inner. Hence 7 is also surjective in this case, and
Aut(Mz(Zz)) = Aut(GLz(Zz)).

Let y denote the following automorphism of GL,(Z,):

w(A)=(A")"", A€GL.(Zy).
Proposition. Ifn > 3, there is no an automorphism of M, (Z,) such that

its restriction to GL,(Z,) is equal to . In other words, Wy has an empty preimage
under T. The same holds true is the case n =2 if p # 2.

Proof. Suppose to the contrary that the converse statement holds. Let us
denote the extension of y to M,(Z,) by the same letter. Consider the following cases:

C11 €12 -+ Cin

C21 €22 -+ C2p
1. n>3.Let III(EU) =

Cnl Cn2 "+ Cpn

Since E|1 = E1 P> and (PZTk)_1 = Py, we get

V(En) = w(EnPy) = W(En)y(Pu) = W(En)Px.
[W(EII)PZk]iZ = [W(Ell)]ik = Cik, 1= 1,2, ...n, therefore,
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cp=ci, i=1,....n, k=3,...,n.

On the other hand, E;; = PxE;;. Using the same argument, we get

cj=c, Jj=1L1,...,n, k=3,...,n
i1 Ciz -+ C12
€21 € -t 2

Thus, y(En) =

€21 €2 -t 2
Let L denote the lower triangular matrix with all ones below and on the

main diagonal.

1 p—1 0 - 0
0 1 p—1 - 0
It is easy to show that w(L) = (LT)~! = | : : :
0 O 1 p—1
0 0 0 1
Now, since E|1L = Ej;, we have W(E)y(L) = w(Eq)).
C11 (p—l)c11+c12 0 0
1 (p— l)C21 +cypy O 0
v(EWY(L) = | . : :
o1 (p—1Dear+cn 0 -~ 0
It follows that cjp —c11 = c12 =0 and ¢ — ¢1 = 22 =0, so we get l[/(Ell) =0,,
which contradicts the fact that y is an automorphism of M, (Z)). O

2 w=rmapratayen= (3 )= (1 1)o= (5 ,0)

Since E11D = Ej; and (D7)~ = D, we obtain y(Ej;) = y(E;)D.
Consequently, c12 = c29.

On the other hand, EjL = Ej; and (LT)~! = (é p I 1) . Further calculations

imply ¢11 = ¢21 = 0.
Thus y(E;;) = O,, which leads to contradiction. O

Corollary. The automorphism y defined above is non-inner automorphism
of GL,(Zp) if n >3 or p > 3.

Proof. Indeed, if we had y(A) = XAX~! for some X € GL,(Z,), its
extension to M,(Z,) in the natural way would be an automorphism of M,(Z,),
which is not possible due to Proposition 1. 0

It can be easily shown that all the radial automorphisms are of the form

X(A) = (det(A))*A, A € GL,(Z,).

Suppose y extends to the automorphism of M,(Z,). We will denote it by the
same letter.

If p = 2, this automorphism is simply the identity automorphism.
So we can assume p > 2.
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Ci1 €C12 - Cin

€1 € ot Cop
Let %(Ell) =

Cnl Cn2 "+ Cpn

Let I, be the n x n identity matrix.
For1 <i< j<nwehave

X(En) = x((In+Eij)En) = x(I + Eij) X (Ent) = (I + Eij) X (En),

which implies ¢y =0, i=2,...,n, k=1,...,n.

Analogously, for 1 < j<i<n
2(En) = x(En (I +Eij) = x(En) x (I + Eij) = x(E11) (I, + Eij)

and hence ¢; =0, j=2,...,n, k=1,...,n.

If x is not identity, then there exists A € GL,(Z,) such that (det(A))* # 1.

Obviously, we can take A to be diagonal; moreover, let [A]}; = 1.

Then x(Ej1A) = x(E11). On the other hand, x (E11A) = x(E11)(det(A))*A.
It follows that ¢ (det(A))¥ = ¢11, hence c¢1; = 0.
Thus, we find out that the radial automorphisms can not be extended

to automorphisms of M,(Z,), which concludes our proof. U
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U W AUB rUUSBUL

JErudNr ELBUBLSUN URBLSUWL URLLP ELAXNUNCDPQULELDE
GhUUWRURELE WJSNUNCDHPQU LB WURGLE UUWUDL

Snnjudnid niuniiiwuhpymd G Jtipownp fadtyqpun wpbpjwb fudptph
Lonnuinpdhqubiph  huwpudptiph b wypninpbhqutitiph  judptiph - wyyndnp-
$hqutiipnp: Uwubwnpuuytiuv. dunpphguijhlt gnpdnnmipjnibiiiph Jpu hhdogwd
wupqugnyb dnptigdudp dtbp wuywgnignud top, np Aut(End(Z, ©Z,®---®Z))
funuipp YJuiptih £ juinbwwb bbpnity Aut(Aut(Z, @ Z, & --- S 7Z,)) fudph dbe:
Utilp Gwl gnyg thp qpuwihu, np End(Z, ®Z, ® --- & Z,)-h pninp wdyindnp-
$hqubtipp Gtppht tb:

A. A. BAIPAMSIH

O TPVIIIAX ABTOMOP®U3MOB IIOJIVI'PYIII S5HIOMOPOU3MOB
KOHEYHBIX SJIEMEHTAPHBIX ABEJIEBBIX T['PVYIIII

B crarbe m3yuarorcs aBTOMOPMU3MBI MOJIYTPYII SHIOMOPMOU3IMOB U
CPYIIIT aBTOMOP(MU3IMOB KOHEUHDBIX 3JIEMEHTAPHBIX abesieBhIX rpymil. B gacTHO-
CTHU, UCIOJIB3YS SJIEMEHTAPHDII T10/IX0/1, OCHOBAHHBII HA MATPUIHBIX OIIEPAIUIX,
MBI JokasbiBaeM, 4To Aut(End(Z, ® Z, ® --- ® Z,)) MOXKHO KaHOHHIECKH
BIOKUTh B Aut(Aut(Z, ®Z, ®--- ®Zp)). Mbl TakxKe IOKa3bIBaEM, UTO BCE
asroMopdusmbl End(Z, ®Z, @ - - ® 7)) ABISIOTCA BHY TPEHHIMU.
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