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ON CORRECT SOLVABILITY OF DIRICHLET PROBLEM
IN A HALF-SPACE FOR REGULAR EQUATIONS WITH
NON-HOMOGENEOUS BOUNDARY CONDITIONS
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In this paper we consider the following Dirichlet problem with non-
homogeneous boundary conditions in a multianisotropic Sobolev space
W (R* X R+)

{P(DX,DX3) f(x,x3), x3>0, xeR?
DSSM’X3:O os(x), s=0,....m—1.

It is assumed that P(Dy, D,, ) is a multianisotopic regular operator of a special
form with a characteristic polyhedron 9t. We prove unique solvability of the
problem in the space W™ (R? x R..), assuming additionally, that f (x,x3) belongs
to Ly(R?> x R*) and has a compact support, boundary functions ¢ belong to
special Sobolev spaces of fractional order and have compact supports.
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Introduction. In paper [1] a similar problem is considered with homoge-
neous boundary conditions in the multianisotropic Sobolev space WI?:R(R"*l X R4),
where for a given completely regular polyhedron 91, with principal vertices a* € ZF,
k=0,1,...,M, the space Wzm(R"*l X R, ) is defined as follows [2]:

W (R X Ry) =
{f: fEL(R"xR)&DY f € L(R™ " xR,) Yk =0,...,M},

with a norm

M
k
1wty = I s otk + 30 1Y Flli (ot <) -
k=0
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Using a special integral representation, containing all generalized derivatives of
a function, corresponding to the vertices of the polyhedron 91 (see [3—9]), in [1] an
approximate solution for the problem with homogeneous boundary conditions was
constructed and conditions for its unique solvability were obtained. In this paper,
using the results from [10] related to the traces of functions from the multianisotropic
Sobolev spaces, we obtain conditions, under which the problem with inhomogeneous
boundary conditions is uniquely solvable in the space Wém (R>xR.).

Basic Definitions and Notations. We denote by R, and Z, the set of
non-negative real and integer numbers respectively. R" is the n-dimensional real
Euclidean space of points x = (x1,x2,...,X,) (§ = (&1,...,8,)), Z1 is the set of
n-dimensional multi-indices a = (o4, 0,...,0,), « € Z;,j = 1,2,...,n.

n
For x,§ € R", t € Z; and a € Z'! denote || := aj+ -+ + O, x§ = Zxkﬁk,

k=1
d
i (8], Ehveens £, £ 5= B - £ D= DD - D where Dy =i 5
(i> = —1) is the generalized differentiation operator according to S.L. Sobolev.

For a given set of multi-indexes A C Z'! denote by 91 = 91(A) the smallest
convex polyhedron, containing all points in A. Polyhedron 91 is called completely
regular, if it has a vertex at the origin, a vertex on each coordinate axis, different from
the origin, and the outer normals of all (n — 1)-dimensional non-coordinate faces have
positive coordinates. A vertex of a completely regular polyhedron, different from the
origin is called a principal vertex. The set of all principal vertices is denoted by 9'91.

For a given differential operator P(D) = Y y,D%, denote (P) := {a € Z1,
Yo 7# 0}. Polyhedron 9t = DM({0} U(P)) is called the characteristic polyhedron of the
operator P(D). An operator P(D) is said to be regular, if for some constant C > 0

PE)>C Y (€9, VE R

acd’'N

In paper [10] two dimensional Sobolev spaces of fractional order are consid-
ered. Let 9t C R? be a completely regular polyhedron, ¢ > 0 be an arbitrary rational

M ,
number, K, m(§) :=1+ Z (éz)qak. Through qu‘ﬁ(Rz) we denote the Sobolev space
k=0

of fractional order, deﬁneg by

WN(R?) := {u: u € Ly(R?) & /K, m(E)F[u](E) € Ly(R?)}

with a norm
1
3

lulhyg ey = | [ Kn(©)IFl()PaE |

where F'[u] is the Fourier transform of function u.
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Let 9 C R? be a two-dimensional completely regular polyhedron with principal
vertices o := (I1,0),a’,...,a := (0,1,), enumerated counterclockwise. Denote by
' the outward normal to the side of the polyhedron, passing through the vertices
a~!,al (i=1,...,M), normalized in such a way, that the line, passing through this
side of the polyhedron, is described by the equation (u',¢) = 1,1 € R%.

Statement of the Main Results. Consider the following boundary value
problem in a half-space:

P(Dy,Dy,)u= f(x,x3), x3>0, x € R?,
Dul, _o=¢ix), s=0,....m—1.

Let us define the conditions imposed on the operator P(Dy, D, ).
1) Differential operator P(Dy, Dy, ) has the form

(1

M .
P(Dy,Dy,) = D'+ Y aiDY := D" + Py(Dy)
i=0
with constant real coefficients a; #0 (i =0,...,M),m €N, o' € Zi (i=0,....M).
2) The characteristic polyhedron 9t of the operator P(Dy, D) is completely
regular.
3) The operator P(Dy,D,,) is regular.

Denote - | .
o._(*+ — 0 e
nu' '_<ll7lz>7 % 2(“”'|+2m>7

Theorem 1. Let the operator P(D.,D.,) satisfy conditions 1)-3).

If f € Ly(R* x Ry) has a compact support, @5 € Wy (S)W(Rz) and has a compact
support (s =0,...,m—1), then for x > 1 problem (1) has a unique solution U from
the class W™ (R* x R..), and with some constant C > 0 (depending only on supp(f),
supp(Qs)) it holds the inequality

m—1
|’UHW29R(R2><R+) S C (Hf”Lz(RZXRJr) + Z ”‘PSHWZ‘I(S)W(R2)> . (2)
s=0

When y <1 the following theorem holds.

Theorem 2. Let y <1 and the conditions of Theorem 1 hold. If the function
f satisfies the orthogonality conditions

/xaf(x,X3)dx =0
RZ
for|s|=0,1,....L—1, where L is a natural number determined from the inequality
X+Lming? > 1>y +(L—1)minu?,
i=1, i=1,

then problem (1) has a unique solution from the class Wzim(R2 X Ry) for which
inequality (2) holds.
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Remark. Conditions, put on variable ) in Theorems 1, 2, as well as the
orthogonality condition on function f in Theorem 2 is not explicitly used in this paper,
rather they are used in [ ] in order to prove the unique solvability of problem with
homogeneous boundary conditions and to obtain the estimate of Sobolev norm of
solution U by Ly norm of f.

Proof of the Main Results. Let the above notations hold.

Lemma. For any given collection of functions @5 € W, (‘Y)W(Rz),
s=0,1,...,m—1, having a compact support, there exists a function F € Wzm(R3)
with a compact support, which satisfies the following properties.

D;}F‘XSZO:(pS, Vs=0,1,...,m—1, 3)
m—1
I1F gy <€ X 194l goms @)

where C > 0 is a constant, depending only on supp(Q;).

Proof. It follows from Theorem 3.3 in [10], that there exists a function
ko e Wzm(R3)(n0t necessarily with a compact support), which satisfies (3) and (4)

with some constant Cy > 0, independent from @,. Let Q be any open, bounded set
m—1

which contains U supp(¢y), and let g € Cy’ (R3) be a function with compact support,
=0
such that g = 1 on Q x (—1,1). Let’s prove that F := F, - g, which also belongs to
Wim (R3) and has a compact support, satisfies (3) and (4). Indeed,
DS F‘xz—O =

Dy, (Fo-g)|,. Z% s 8lemo = s

As for the estimate of the norm, we have

1Fo - gllwg 3y < CillFollwpn gs) < Cr-Co Z 1clly0

S=
so F satisfies (4) with constant C = Cy x Cy, depending only on supp((ps).
Lemma 1 is proved. ]

Proof of Theorems 1, 2. Denote f := f — P(D,,D,,)F, where F € W;"(R?)
and Dy F ‘X3:O = @ (see Lemma 1). Consider the following problem with the
homogeneous boundary conditions

P(Dx,Dx3)u— ( 3), x3>0, x€R?
Sl =0, s=0,....m—1.
x3=0

According to Theorems 1.1 and 1.2 of [1] problem (5) has a solution
U € W™ (R* x R.,), for which the following relations hold:

DU, _4=0,s=0,1,...,m—1,

1Tl g,y < Coll Fllyaiys

Yo g2y

(&)
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where Cyp > 0 is a constant depending on supp(f). Let us prove that the function
U :=U +F is a solution to problem (1) satisfying (2). Indeed.

P(Dy,Dyx,)U = P(Dy,Dy,)(U+F) =
f = P(Dx,Dx,)F + P(Dy, Dy, )F = f,
DU, _=DU|, _(+DyF|, o=@ s=01....m—1.
Let us show that U satisfies the inequality (2).
HU||W2937(R2><R+) < HU”WZW(R2><R+) + HF||W29JT(R2xR+) <
Collf = P(Dx, Dy )F| 1y k2R, ) I1F w3 -

Since with some constant C; > 0 the inequality

[P(Dx, Dy )F| 1y (rs) < Cr - [[F [y g3y

holds, taking into account Lemma 1, we have

m—1
1Vl < © (nfub(m ) ||<Ps||qu<s>9ﬂ(Ra)> .

The uniqueness of the solution is proved in the same way as in Theorems 1.1,
1.21in [1].

Theorems 1, 2 are proved. U

Author expresses his deepest gratitude to the journal reviewer for the meticulous
work he has dedicated to reviewing and providing feedback on the article. His
expertise, attention to detail, and insightful comments have greatly contributed to
improving the quality and clarity of research.

Received 16.05.2023
Reviewed 01.06.2023

Accepted 16.06.2023

REFERENCES

1. Karapetyan G.A., Petrosyan H.A. Correct Solvability of the Dirichlet Problem in the
Half-space for Regular Hypoelliptic Equations. Journal of Contemporary Mathematical
Analysis (Armenian Academy of Sciences) 54 (2019), 45-69.
https://doi.org/10.3103/51068362319040022

2. Ghazaryan H.G. The Newton Polyhedron, Spaces of Differentiable Functions and
General Theory of Differential Equations. Armenian Journal of Mathematics 9 (2017),
102-145.

3. Karapetyan G.A. Integral Representations of Functions and Embedding Theorems for
Multianisotropic Spaces on the Plane with One Anisotropy Vertex. Journal of Contempo-
rary Mathematical Analysis 51 (2016), 269-281.
https://doi.org/10.3103/5S1068362316060017


https://doi.org/10.3103/S1068362319040022
https://doi.org/10.3103/S1068362316060017

KHACHATURYAN M. A. 49

4. Karapetyan G.A. Integral Representation of Functions and Embedding Theorems for
Multianisotropic Spaces for the Three-dimensional Case. Eurasian Mathematical Journal
7 (2016), 19-39.

5. Karapetyan G.A., Arakelyan M.K. Estimation of Multianisotropic Kernels and their
Application to the Embedding Theorems. Transactions of A. Razmadze Mathematical
Institute 171 (2017), 48-56.

6. Karapetyan G.A. Integral Representations of Functions and Embedding Theorems for
n-Dimensional Multianisotropic Spaces with One Anisotropy Vertex. Siberian Mathemat-
ical Journal 58 (2017), 445-460.
https://doi.org/10.1134/S0037446617030089

7. Karapetyan G.A., Petrosyan H.A. Embedding Theorems for Multianisotropic Spaces
with Two Vertices of Anisotropicity. Proc. of the YSU. Physical and Mathematical Sci. 51
(2017), 29-37.
https://doi.org/10.46991/PYSU:A/2017.51.1.029

8. Karapetyan G.A. An Integral Representation and Embedding Theorems in the Plane for
Multianisotropic Spaces. Journal of Contemporary Mathematical Analysis (Armenian
Academy of Sciences) 52 (2017), 267-275.
https://doi.org/10.3103/51068362317060024

9. Karapetyan G.A., Arakelyan M.K. Embedding Theorems for General Multianisotropic
Spaces. Matematical Notes 104(2018), 422-438.
https://doi.org/10.1134/5S0001434618090092

10. Khachaturyan M.A., Hakobyan A.R. On Traces of Functions from Multianisotropic
Sobolev Spaces. Vestnik RAU. Phys.-Math. Est. Nauki 1 (2021), 5677 (in Russian).

U. U. hU2USNFH3WL

ULNUUUUGBN 62rushrL musuuwuuernd. 2hrbhlult3h LALH
LACUUL LAFOBLPAFE-83NFLL UbUUSUNrUoNFE3NFLAFY
NBANFL3UC SUMUUUCUUYL suoue

Whiwpubipnid niunidiwuhpynud £ htgqplgwy “hphtugbgh pinhpp wihwdwutn
tiqpuyhll wwydwbotpny, W3 (R? x R.) Unpnjlywl pupwdnipynibnid

{P(DX,DX3) flx,x3), x>0, xeR?
DSSu‘XFO os(x), s=0,....m—1:

Gupunpnui £, np P(Dy, Dy, )-p hwipmiyy ptiuph ntignijwp dniyphwthgnippnuy
owtipunpnp £ 9N pimpwgphs puqiwbhugpny:

Switiyw) Ghpwnpbiny, np f(x,x3)-p Ly(R* X RT)-hg Yndwulyp Yphgny
dmbyghw £, ¢s tqpuyhtt $mblghwdbtipp wupuind G hugpniy Ynypnpujught
Jupgh Unpnjlywl ppupwdnipymbbtph b mbbb jnduyqup Yphsttin, wygqugnigqud
L jubnph bquih jmdtihmpymap W™ (R? x Ry) nuun:
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M. A. XAYUATVPAH

HOPMAJIBHAA PA3PEMNMOCTDb 3AHAYN JUPUXJIE
C HEOJHOPOIHBIMI T'PAHMYHBIMHI YCJIOBUAMU
B TIOJIVIIPOCTPAHCTBE /1JIs1 PEI'VJISPHBIX YPABHEHUN

B pabore paccmarpuBaercs cieayiomas 3aada Jupuxie ¢ HeoaHOPOI-
HBIMH T'PAHUYHLIMUA YCJIOBHUSIMA B MYJIbTHAHH30TPOIIHOM IIPOCTPAHCTBE
CoGosmesa W5 (R® X R.,):

2
P(Dy, Dy, )u= f(x,x3), x3>0, x€R,
\ —
D?u‘x3:0 os(x), s=0,....m—1.
IIpenmomnaraercs, 910 P(Dy,Dy, )~ MyILTHAHH30TOPIHBIN DEryJIsiPHBII
0IIepaTop CIIENUATHLHOTO BUJA C XaPAKTEPUCTUIECKUM MHOTOTpaHHUKOM 2.
Ipemonaras gonosnuTensbno, uto f(x,x3) — bdynkuus us Ly(R? x RY) ¢
KOMIIAKTHBIM HOCUTEJIEM, IPAHIUIHBIE (DYHKIUU (g IPUHAJIEXKAT CIIEIIUATbHBIM
npocrpatncreaM CobosieBa IpOOGHOTO HMOPSIIKA U UMEIOT KOMIIAKTHBIE HOCUTE/IH,
JIOKA3aHa OJ[HOZHAYHAST PA3PEINMOCTh 3aj1a4u B npoctpanctse W (R2 X R ).



