PROCEEDINGS OF THE YEREVAN STATE UNIVERSITY

Physical and Mathematical Sciences 2023, 57(3), p. 79-85

Mechanics

ON ONE PROBLEM OF OPTIMAL CONTROL OF VIBRATIONS
OF A PLATE-STRIP IN A TEMPERATURE FIELD
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The problem of optimal control of elastic vibrations of an isotropic plate-
strip under the influence of temperature and force fields is studied. The function
of changing the external load on the plane of the plate is represented as a control
function. Optimal control is also carried out by the distribution function of
the temperature of the external field over the plate. The well-known classical
hypotheses of thermo-elastic bending of the plate are accepted. The equations
of transverse vibrations of the plate and heat conduction in the plate are solved
under the boundary conditions of heat transfer and the stress state on the planes
of the plate. The method of Fourier series, the method of representing moment
relations, the well-known method of minimizing the functional are used.
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Introduction. Mathematical modeling and staging aspects of the problem of
control of physical and mechanical processes are of scientific interest from the point of
view of engineering practice. Many scientific works are devoted to theoretical studies
of the controllability of systems with distributed parameters [1]. On the example of
solving control problems for thermal conductivity and relatively simple objects of
study, the problem of controlling systems with distributed parameters is presented.
Problems and methods for studying control systems and optimal control with sources
of influence are considered, control algorithms for heat-conducting and oscillatory
processes are given, described by differential equations in partial derivatives. The
formulation of control problems for such objects of study is very diverse and are
determined by a specific technological process. Control problems are closely related
to the determination of optimal (profitable) systems control modes. The works [2—4]
contain theoretical studies and significant results, which are used to solve many
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problems of optimal control of oscillatory processes in various formulations and under
various physical and mechanical influences.

Problem Statement. A homogeneous, isotropic, thin plate-strip is considered
in a rectangular coordinate system, where the central plane of the plate coincides with
the coordinate plane x; Ox;. The plate occupies the region 0 < x; < a, —oo < xp < oo,
—h < x3 < h, where 2h is the thickness of the plate. The plate is in the temperature
field, and on the planes x3 = +h there is a normal load z(x;,#;) that depends only
on one spatial coordinate x; and time. We assume that the temperature field does
not depend on the coordinate x,. Such distribution of thermo-mechanical load and
the dimensions of the thin plate allow us to consider thermo-elastic vibrations of the
plate depending only on one spatial coordinate x; and time #;. The classical theory
of bending of thin plates is adopted, and it is considered that for such plates, a linear
law of temperature variation across the thickness of the plate can be adopted [1, 5].
These one-dimensional vibration equations for plates within a temperature field are
utilized within the theory of elasticity for thin-walled structural components. In the
context of this problem, optimal control entails prescribing a mode of vibration under
mechanical and thermal influences (control functions, for which at a given moment 7,
the considered process of temperature vibrations attains the desired position, while a
certain functional reaches its minimum value).

Thus, the equations for determining the functions W (x,7) and T (x,7), which
characterize the displacement (deflection) and temperature (integral characteristic) of
the plate, take the following form:
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where x="— , 1= —, 0> = wgrz, w§ = = —, D is the plate rigidity,
a T a;T

2phat
p is density, Bi is a coefficient of heat exchaelge with Biot environment. In the Egs.
(1), (2), u(t),@(x) and y(t),V(x) are the functions characterizing the load change
z(x,t) and temperature of the medium with respect to time and distributions on the
plane of the plate x3 = A.

Let the plate-strip be hinged along the long sides [5]

oW
W =0, —220, T=0, when x=0, x=1. 3)
ox
We take the initial conditions in the form
w
W =Wp(x), W:Wl(x), T=0, when t=0. 4

The problem is to transfer the system described by (1), (2) and conditions (3),
(4) to the required state in some time 7 [1]

W =0, %vtV:O, when ¢=1. (5)
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At the same time, the functional

/ dt+2/ ©)

reaches the minimum value x € [O, 1],t €10, 1]. Optimal control is a specific branch
of the theory of extremal problems, devoted to the study and solution of questions
of minimization (maximization) of functionals. In this case, the functions u(z),v(x)
are considered as control functions. The functional (6) characterizes a certain thermo-
mechanical energy of external influence.

Mathematical Methods and Solution. To solve the problem, we use the
Fourier series method. The functions will take following form

)= Z Nm () sintmx, T (x,t) Z Oy (1) sin wmx,

@(x)=Y Qusinwmx, v(x)=Y vysinwmx, xel0,1], r€0,1],
m=1

m=1
where
Vi =2 / v(x) sin Tmxdx,

1
On =2 / @(x) sin Tmxdx.

Taking under consideration above changes, Eqs. (1) and (2) will take
the following form:

d* Nt
Zﬂ( ) +CO(%nm<l) = M<l)(Pm + w;iBmﬁm(t)’ 7
ds,(t
dz( ) +AnOu(t) = v ()W (1), ®)
2 . 2 2 2
/)

We suppose that at some to moment of time within the studied time period
t € [0, 1] the heat source is turned off. When 7 < #, the heat distribution function will
be y(t) = 1. Substituting the value of ¥,,(¢) from Eq. (8) into Eq. (7), we obtain the
following differential equations
d* 1N (t) 2 _ m —Apt
dr2 +w0nm<t)_u( )(Pm"’(!) B, Irm(l—e "’) &)
The solutions to the equations will take the followmg form

N (t) = € COS Wyt + dpy SIN Ot + —/sm O (t —y)u(y)dy

‘ (10)
sin @, (t —y) (1 —e ) dy.
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When ¢ > 9, y(t) =0, Eq. (7) will take the following form
d*N(1)

dr?
The solutions for the equations will be

+ @3N (t) = u(t)(pm+w,%le1:ﬂ (Mo — 1) ¢~Ant. (11

t
N (1) = €11 COS Wt + dyy SIN O, + % / sin @, (t — y)u(y)dy
m
¢ 0 (12)
(e —1) /sin Ot —y)e ™ dy.
0

From the continuity at ¢ = #y we have the following
t

N (t) = Cn COS Wyt + dyyy Sin Ot + %Z /sin O (1 —y)u(y)dy (13)

Vi @
+Bm";""

m

0
+Vim (O cos Wyt — By sin @yt + Fy (1)),
where
Buow |
Qp = =" / $in @,y (eAm(’O*W _ 1) dy, (14)
m
0
Bt |
() _
P, = 2" /cosa)my (eA’”(tO Y — 1) dy, (15)
Am
0
B t
)
Fu(t) = 7;"1 - (eA’"tO — 1) /sin Ot —y)e AV dy.
m

0
Gult) = - [ sin@n(t—yyuly)ay
0

T
2
cm=2 / Wo(x) sin tmxdx, dy = . / W (x) sin wmxdx.
0 "0
Now, in order to satisfy the required conditions (5), we will obtain

Cn COS @y, + dyy SIN O, + %Gm(l) + V(O cos @y — Py sin@, + F, (1)) =0,

dGg,(1
Wy Cpy SIN Wy — Wy, COS @y — & . m( ) +
Wy dt

d(0,,cos W, — P,sin®,, + F, (1
+v,, (Qn m m O, m( )) :0’

dt
(16)

where
dGp(T) B dGy(t)

dt dt ’
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d(Qncos 0y T — Py sin @, T+ F, (7)) d(Qmcos @t — By sin @t + Fy(t))

dt dt

t=1
Functional (6) will take following form

®= i vﬁﬁ/uz(t)dt. (17)

2a
Let us assume that T = M (a multiple of the oscillation period) [1], where

a=1,2,..., and o, will take following form ®,, = 2moum?, then for system (16)
we will have
it o Gn(1) Q-+ Fi(1)) =0,
o O dGn() | (=Pt (1) (1%)
" o, dt " dt '
We assume
u(t) = Z (@m COS Wyt + by Sin Ot ) + ay. (19)

m=1
For the minimum of the functional (17), we get ap = 0, and from (18)
the following system

L
q>lm(vm7bm) =Cm +szvm - Wbm =0, (20)
D2, (Vs @) = dpy +m*Cvy + Eay, = 0,
where
d(—P, + Fy(1 a o
B=0u+Fu(1). €= ID) oy sy G0

The functional (17) takes the form

=Y v, Z ay, +by). (21)
m=1 m=1
We need to find the values of vy, ay,, b, (for m=1,2,...) from the necessary
conditions for the minimum of ®, subject to conditions (20). By applying a well-
known method for functional minimization, we obtain the following system of
equations, which will allow us to compute not only the required values of v,,, @, by,
but also the unknown multipliers A, L.

am + Uk =0,
LA,
by — 72m =0,
m
2 + Cm? ly, +m?BA,, =0, (22)

L
Cm +szvm - ﬁbm =0,
m
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dn, +m2Cvm +Ea,, =0.

From the above system v,,,a,,, b,, will have following form:

m?(CdyL* + Be E*m*)
VS TR 2 ¥ P2t + BPERmS 23)
B¢, CEm® —2d,,EL*> — B*d,,Em®
= TR+ L+ B @4
- Lm?*(2¢pE? + ¢,yC*m* — BCd,,m*) 25)
" 2E212 4 C2L2m* + B2E2m8

Thus, control strategies v(x),u(t) have been constructed, which lead to the
complete suppression of transverse vibrations in the system within a specified finite
time 7.

Conclusion. The second variation of the functional

P + Z (Amq)lm + .uvmq)lm)
m=1
is positive, therefore, the found extremal solutions lead to the minimum of the
considered functional. Controls u(z),v(x) have been constructed to achieve the stated
objective. It should be noted, that if the coefficients in representations (10) and (12)

decrease rapidly as m — oo, the system is controllable for any 7 > vt

Received 25.06.2023
Reviewed 19.09.2023

Accepted 25.09.2023

REFERENCES

1. Butkovski A.G. Methods of Control of Systems with Distributed Parameters. Moscow,
Nauka (1972), 332 (in Russian).

2. Jilavyan S.H., Grigoryan E.R., Khurshudyan As.Zh. Heating Control of Finite Rod with
a Mobile Source. Arch. Control Sci. 31 (2021), 417-430.
https://doi.org/10.24425/acs.2021.137425

3. XuB., Lu X., Bai Y. A Spatiotemporal Fuzzy Control Approach for Complex Distributed
Parameter System with Application to Thermal Processes. J. Process Control 127 (2023),
102993.
https://doi.org/10.1016/j.jprocont.2023.102993

4. Wang Y.Z., Liu D., et al. Asymptotic Analysis of Thermoelastic Response in Functionally
Graded Thin Plate Subjected to a Transient Thermal Shock. Compos. Struct. 139 (2016),
233-242.
https://doi.org/10.1016/j.compstruct.2015.12.014

5. Ignaczak J. A Review: Thermoelasticity by Witold Nowackiy (2nd ed.). Oxford, Pergamon
Press (1986).


https://doi.org/10.24425/acs.2021.137425
https://doi.org/10.1016/j.jprocont.2023.102993
https://doi.org/10.1016/j.compstruct.2015.12.014

GRIGORYANE. R. 85

E. 0 a0haNr3UL

Utu UuLcUrd 4tS NrFLE3NN. MhLY UUNULE MSSULUL SUNdUUWL
LUS oNeNhlUULLEMh Uh UWUP OMShUUL YUSNFLUSUUWL UWURL
UNndsl uNJINLBIUGEUBSUSh 6 NLenry

Ntqugnpynud £ obipdwuphdwih b nidwih nuogptiph wanbgnipyub wwy-
twubbbpmd hgnppnuy vw-2Eph wpwaqujub pupubtnuibtph oupphdwy junw-
Jupiwb punhpp: Uwih hwppnipjub ypu wpqpuphtt mdwght ptinh thnthnpudw
dmiyghwd dbpjuyugymy k npytiu nbujupdwd $mblghw: Oupyphiwy nblw-
Jupnudp hpuubwgynd £ owb uwih Jpw wpypupht sipdwugphtwbught pugu-
dwl dmblghuyh dhongny: Nhdip GO phngnmbynmd vwbiph otipdwwpwagquju
Sl puuwlub Jupywottpp: Uwih dwybpbnypbtph Jpuw obipduhnjuwbwly-
Jwh b jupjwdwht Jhdwlbbph bgpughl wujdwibbph weumpjudp jmdynud
G0 uwih (uyiwluwbd pupuitdwd b vwnt sbpdwhwnnpujuinEjuit hwjwuw-
pnmuibitipp: Ogqpugnpdymd £ dnipytih owpptiph bt dndbigpuyht winbgniynibiph
bbpquywgiwib vhpnnbtipp, jhpueynud £ $nbjghniugh dhothdwjugdwd hwjpboh
dhipnnp:

9. P. TPUT'OPAH

OB OJIHOWN 3ATAYE ONTUMAJILHOT'O YIPABJIEHUSI
KOJIEBAHUAMNI IIJIACTUHKHI-IIOJIOCHL B TEMIIEPATYPHOM IIOJIE

Wccnenyerca 3agada ONTUMAIBHOIO YIPABIEHUS YIPYIUMU KOJIe0aHUsI-
MM U30TPOLHON IJIACTUHKU-110JI0CHI 110)] BJWAHUEM TEMIIEPATYPHOI'O U CUJIOBOI'O
nosist. DyHKIMS W3MEHEeHWs BHEINTHEHl Harpy3KW Ha TJIOCKOCTH [JIACTHHKH
MpeACTaBadercsd Kak OYHKINg ynpasiaeHus. ONTUMaIbHOE yIpPaBJIEHUE
OCyIIeCcTBJIsieTCs TaK>Ke PyHKIME pacipe/iesieHus 110 IJIACTUHKE TeMIIEPATY PhI
BHeIIHero nojsd. IIpwHmMaroTcs W3BeCTHBIE KJIACCHYECKHe THMOTE3Bl TePMO-
yupyroro n3ruba njacruHku. Periaiorcd ypaBHEHUs NOTEPeYHbIX KoJebaHuit
IJIACTUHKN W TEIVIONPOBOJHOCTH B IIACTHHKE IIPH TPAHWIHBIX YCIOBHAX
TEeIJIOOOMEHA W HAIPHKEHHOI'O COCTOSHMA Ha TOPIEBBIX IIJIOCKOCTSX.
Wcnonpaytorca meTon psagoB Pypbe, MeTOS NPEICTABICHNS MOMEHTHBIX
COOTHOIIIEHU, U3BECTHBIA METOI MUHUMU3AIMN DYHKIIMOHAJIA.



