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M e c h a n i c s

ON ONE PROBLEM OF OPTIMAL CONTROL OF VIBRATIONS
OF A PLATE-STRIP IN A TEMPERATURE FIELD

E. R. GRIGORYAN ∗

Chair of Mechanics, YSU, Armenia

The problem of optimal control of elastic vibrations of an isotropic plate-
strip under the influence of temperature and force fields is studied. The function
of changing the external load on the plane of the plate is represented as a control
function. Optimal control is also carried out by the distribution function of
the temperature of the external field over the plate. The well-known classical
hypotheses of thermo-elastic bending of the plate are accepted. The equations
of transverse vibrations of the plate and heat conduction in the plate are solved
under the boundary conditions of heat transfer and the stress state on the planes
of the plate. The method of Fourier series, the method of representing moment
relations, the well-known method of minimizing the functional are used.
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Introduction. Mathematical modeling and staging aspects of the problem of
control of physical and mechanical processes are of scientific interest from the point of
view of engineering practice. Many scientific works are devoted to theoretical studies
of the controllability of systems with distributed parameters [1]. On the example of
solving control problems for thermal conductivity and relatively simple objects of
study, the problem of controlling systems with distributed parameters is presented.
Problems and methods for studying control systems and optimal control with sources
of influence are considered, control algorithms for heat-conducting and oscillatory
processes are given, described by differential equations in partial derivatives. The
formulation of control problems for such objects of study is very diverse and are
determined by a specific technological process. Control problems are closely related
to the determination of optimal (profitable) systems control modes. The works [2–4]
contain theoretical studies and significant results, which are used to solve many
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problems of optimal control of oscillatory processes in various formulations and under
various physical and mechanical influences.

Problem Statement. A homogeneous, isotropic, thin plate-strip is considered
in a rectangular coordinate system, where the central plane of the plate coincides with
the coordinate plane x1Ox2. The plate occupies the region 0 ≤ x1 ≤ a, −∞ ≤ x2 ≤ ∞,
−h ≤ x3 ≤ h, where 2h is the thickness of the plate. The plate is in the temperature
field, and on the planes x3 = ±h there is a normal load z(x1, t1) that depends only
on one spatial coordinate x1 and time. We assume that the temperature field does
not depend on the coordinate x2. Such distribution of thermo-mechanical load and
the dimensions of the thin plate allow us to consider thermo-elastic vibrations of the
plate depending only on one spatial coordinate x1 and time t1. The classical theory
of bending of thin plates is adopted, and it is considered that for such plates, a linear
law of temperature variation across the thickness of the plate can be adopted [1, 5].
These one-dimensional vibration equations for plates within a temperature field are
utilized within the theory of elasticity for thin-walled structural components. In the
context of this problem, optimal control entails prescribing a mode of vibration under
mechanical and thermal influences (control functions, for which at a given moment τ ,
the considered process of temperature vibrations attains the desired position, while a
certain functional reaches its minimum value).

Thus, the equations for determining the functions W (x, t) and T (x, t), which
characterize the displacement (deflection) and temperature (integral characteristic) of
the plate, take the following form:

ω
2 ∂ 4W

∂x4 +
ω2a2

h2 · ∂ 2T
∂x2 +

∂ 2W
∂ t2 = u(t)ϕ (x) , (1)

1
τ∗

· h2

a2 ·
∂ 2T
∂x2 − 3

τ∗
(1+Bi)T =

∂T
∂ t

− v(x)ψ (t) , (2)

where x =
x1

a
, t =

t1
τ

, ω2 = ω2
0 τ2, ω2

0 =
D

2ρha4 , τ∗ =
h2

atτ
, D is the plate rigidity,

ρ is density, Bi is a coefficient of heat exchange with Biot environment. In the Eqs.
(1), (2), u(t),ϕ(x) and ψ(t),V (x) are the functions characterizing the load change
z(x, t) and temperature of the medium with respect to time and distributions on the
plane of the plate x3 = h.

Let the plate-strip be hinged along the long sides [5]

W = 0,
∂ 2W
∂x2 = 0, T = 0, when x = 0, x = 1. (3)

We take the initial conditions in the form

W =W0(x),
∂W
∂ t

=W1(x), T = 0, when t = 0. (4)

The problem is to transfer the system described by (1), (2) and conditions (3),
(4) to the required state in some time τ [1]

W = 0,
∂W
∂ t

= 0, when t = 1. (5)
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At the same time, the functional

Φ =

1∫
0

u2(t)dt +2
1∫

0

v2(x)dx (6)

reaches the minimum value x ∈ [0,1], t ∈ [0,1]. Optimal control is a specific branch
of the theory of extremal problems, devoted to the study and solution of questions
of minimization (maximization) of functionals. In this case, the functions u(t),v(x)
are considered as control functions. The functional (6) characterizes a certain thermo-
mechanical energy of external influence.

Mathematical Methods and Solution. To solve the problem, we use the
Fourier series method. The functions will take following form

W (x, t) =
∞

∑
m=1

ηm (t)sinπmx, T (x, t) =
∞

∑
m=1

ϑm (t)sinπmx,

ϕ (x) =
∞

∑
m=1

ϕm sinπmx, v(x) =
∞

∑
m=1

vm sinπmx, x ∈ [0,1] , t ∈ [0,1] ,

where

vm = 2
1∫

0

v(x)sinπmxdx,

ϕm = 2
1∫

0

ϕ(x)sinπmxdx.

Taking under consideration above changes, Eqs. (1) and (2) will take
the following form:

d2ηm(t)
dt2 +ω

2
0 ηm(t) = u(t)ϕm +ω

2
mBmϑm(t), (7)

dϑm(t)
dt

+Amϑm(t) = vm(t)ψ(t), (8)

where ω2
m = ω2π4m4, Bm =

a2(1+ν)

π2h2m2 , Am =
3(1+Bi)

τ∗
+

h2π2m2

τ∗a2 .

We suppose that at some t0 moment of time within the studied time period
t ∈ [0,1] the heat source is turned off. When t < t0, the heat distribution function will
be ψ(t) = 1. Substituting the value of ϑm(t) from Eq. (8) into Eq. (7), we obtain the
following differential equations

d2ηm(t)
dt2 +ω

2
0 ηm(t) = u(t)ϕm +ω

2
mBm

vm

Am

(
1− e−Amt) . (9)

The solutions to the equations will take the following form

ηm(t) = cm cosωmt +dm sinωmt +
ϕm

ωm

t∫
0

sinωm(t − y)u(y)dy

+Bm
vmωm

Am

t∫
0

sinωm(t − y)
(
1− e−Amy)dy.

(10)
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When t > t0, ψ(t) = 0, Eq. (7) will take the following form
d2ηm(t)

dt2 +ω
2
0 ηm(t) = u(t)ϕm +ω

2
mBm

vm

Am

(
eAmt0 −1

)
e−Amt . (11)

The solutions for the equations will be

ηm(t) = c1m cosωmt +d1m sinωmt +
ϕm

ωm

t∫
0

sinωm(t − y)u(y)dy

+Bm
vmωm

Am

(
eAmt9 −1

) t∫
0

sinωm(t − y)e−Amydy.

(12)

From the continuity at t = t0 we have the following

ηm(t) = cm cosωmt +dm sinωmt +
ϕm

ωm

t∫
0

sinωm(t − y)u(y)dy

+vm(Qm cosωmt −Pm sinωmt +Fm(t)),

(13)

where

Qm =
Bmωm

Am

t0∫
0

sinωmy
(

eAm(t0−y)−1
)

dy, (14)

Pm =
Bmωm

Am

t0∫
0

cosωmy
(

eAm(t0−y)−1
)

dy, (15)

Fm(t) =
Bmωm

Am

(
eAmt0 −1

) t∫
0

sinωm(t − y)e−Amydy.

Let’s denote

Gm(t) =
1

ωm

t∫
0

sinωm(t − y)u(y)dy,

cm = 2
τ∫

0

W0(x)sinπmxdx, dm =
2

ωm

τ∫
0

W1(x)sinπmxdx.

Now, in order to satisfy the required conditions (5), we will obtain
cm cosωm +dm sinωm +

ϕm

ωm
Gm(1)+Vm(Qm cosωm −Pm sinωm +Fm(1)) = 0,

ωmcm sinωm −ωmdm cosωm − ϕm

ωm
· dGm(1)

dt
+

+vm
d(Qm cosωm −Pm sinωm +Fm(1))

dt
= 0,

(16)
where

dGm(τ)

dt
=

dGm(t)
dt

∣∣∣∣∣
t=1

,
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d(Qm cosωmτ −Pm sinωmτ +Fm(τ))

dt
=

d(Qm cosωmt −Pm sinωmt +Fm(t))
dt

∣∣∣∣∣
t=1

.

Functional (6) will take following form

Φ =
∞

∑
m=1

v2
m +

1∫
0

u2(t)dt. (17)

Let us assume that τ =
2α

ω0π
(a multiple of the oscillation period) [1], where

α = 1,2,. . . , and ωm will take following form ωm = 2παm2, then for system (16)
we will have 

cm +
ϕm

ωm
Gm(1)+ vm(Qm +Fm(1)) = 0,

ωmdm − ϕm

ωm
· dGm(1)

dt
+ vm

d(−Pm +Fm(1))
dt

= 0.
(18)

We assume

u(t) =
∞

∑
m=1

(am cosωmt +bm sinωmt)+a0. (19)

For the minimum of the functional (17), we get a0 = 0, and from (18)
the following systemΦ1m(vm,bm) = cm +m2Bvm − L

m2 bm = 0,

Φ2m(vm,am) = dm +m2Cvm +Eam = 0,
(20)

where

B = Qm +Fm(1), C =
d(−Pm +Fm(1))

dt
, L =

ϕmα

ω2π3 , E =
αϕm

ωπ
.

The functional (17) takes the form

Φ =
∞

∑
m=1

v2
m +

1
2

∞

∑
m=1

(
a2

m +b2
m
)
. (21)

We need to find the values of vm,am,bm (for m = 1,2, . . . ) from the necessary
conditions for the minimum of Φ, subject to conditions (20). By applying a well-
known method for functional minimization, we obtain the following system of
equations, which will allow us to compute not only the required values of vm,am,bm,
but also the unknown multipliers λm,µm.

am +µmE = 0,

bm − Lλm

m2 = 0,

2vm +Cm2
µm +m2Bλm = 0, (22)

cm +m2Bvm − L
m2 bm = 0,
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dm +m2Cvm +Eam = 0.

From the above system vm,am,bm will have following form:

vm =− m2(CdmL2 +BcmE2m4)

2E2L2 +C2L2m4 +B2E2m8 , (23)

am =
BcmCEm8 −2dmEL2 −B2dmEm8

2E2L2 +C2L2m4 +B2E2m8 , (24)

bm =
Lm2(2cmE2 + cmC2m4 −BCdmm4)

2E2L2 +C2L2m4 +B2E2m8 . (25)

Thus, control strategies v(x),u(t) have been constructed, which lead to the
complete suppression of transverse vibrations in the system within a specified finite
time τ .

Conclusion. The second variation of the functional

Φ+
∞

∑
m=1

(λmΦ1m +µmΦ2m)

is positive, therefore, the found extremal solutions lead to the minimum of the
considered functional. Controls u(t),v(x) have been constructed to achieve the stated
objective. It should be noted, that if the coefficients in representations (10) and (12)

decrease rapidly as m → ∞, the system is controllable for any τ ≥ 2
ωπ

.

Received 25.06.2023
Reviewed 19.09.2023
Accepted 25.09.2023

R E F E R E N C E S

1. Butkovski A.G. Methods of Control of Systems with Distributed Parameters. Moscow,
Nauka (1972), 332 (in Russian).

2. Jilavyan S.H., Grigoryan E.R., Khurshudyan As.Zh. Heating Control of Finite Rod with
a Mobile Source. Arch. Control Sci. 31 (2021), 417–430.
https://doi.org/10.24425/acs.2021.137425

3. Xu B., Lu X., Bai Y. A Spatiotemporal Fuzzy Control Approach for Complex Distributed
Parameter System with Application to Thermal Processes. J. Process Control 127 (2023),
102993.
https://doi.org/10.1016/j.jprocont.2023.102993

4. Wang Y.Z., Liu D., et al. Asymptotic Analysis of Thermoelastic Response in Functionally
Graded Thin Plate Subjected to a Transient Thermal Shock. Compos. Struct. 139 (2016),
233–242.
https://doi.org/10.1016/j.compstruct.2015.12.014

5. Ignaczak J. A Review: Thermoelasticity by Witold Nowackiy (2nd ed.). Oxford, Pergamon
Press (1986).

https://doi.org/10.24425/acs.2021.137425
https://doi.org/10.1016/j.jprocont.2023.102993
https://doi.org/10.1016/j.compstruct.2015.12.014


GRIGORYAN E. R. 85

�. �. GRIGORYAN

MEK AN
AR	 KET OWNECO� PIND MARMNI PTTAKAN 
AR	MAN

�ST �O�OXAKANNERI MI MASI �PTIMAL KAYOWNACMAN MASIN

SOFYA KOVOLEVSKAYAYI DEPQOWM

Hetazotvowm � jermasti�ani  ow�ayin da�teri azdecow�yan pay-

mannerowm izotrop sal-�erti a�a�gakan tatanowmneri �ptimal ka�a-

varman xndir�: Sali har�ow�yan vra artaqin ow�ayin be�i �o�oxman

fownkcian nerkayacvowm � orpes �ekavarman fownkcia: �ptimal �eka-

varowm� irakanacvowm � na sali vra artaqin jermasti�anayin ba�x-

man fownkciayi mijocov: Himq en �ndownvowm saleri jermaa�a�gakan

�kman dasakan varka�ner�: Sali maker owy�neri vra jerma�oxanak-

man  larva�ayin vi�akneri ezrayin paymanneri a�kayow�yamb` low�vowm

en sali laynakan tatanman  salowm jermaha�ordakanow�yan havasa-

rowmner�: �gtagor�vowm � Fowryei �arqeri  momentayin a�n�ow�yownneri

nerkayacman me�odner�, kira�vowm � fownkcionali minimalacman haytni

me�od�:

Ý. Ð. ÃÐÈÃÎÐßÍ

ÎÁ ÎÄÍÎÉ ÇÀÄÀ×Å ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß
ÊÎËÅÁÀÍÈßÌÈ ÏËÀÑÒÈÍÊÈ-ÏÎËÎÑÛ Â ÒÅÌÏÅÐÀÒÓÐÍÎÌ ÏÎËÅ

Èññëåäóåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ óïðóãèìè êîëåáàíèÿ-

ìè èçîòðîïíîé ïëàñòèíêè-ïîëîñû ïîä âëèÿíèåì òåìïåðàòóðíîãî è ñèëîâîãî

ïîëÿ. Ôóíêöèÿ èçìåíåíèÿ âíåøíåé íàãðóçêè íà ïëîñêîñòü ïëàñòèíêè

ïðåäñòàâëÿåòñÿ êàê ôóíêöèÿ óïðàâëåíèÿ. Îïòèìàëüíîå óïðàâëåíèå

îñóùåñòâëÿåòñÿ òàêæå ôóíêöèåé ðàñïðåäåëåíèÿ ïî ïëàñòèíêå òåìïåðàòóðû

âíåøíåãî ïîëÿ. Ïðèíèìàþòñÿ èçâåñòíûå êëàññè÷åñêèå ãèïîòåçû òåðìî-

óïðóãîãî èçãèáà ïëàñòèíêè. Ðåøàþòñÿ óðàâíåíèÿ ïîïåðå÷íûõ êîëåáàíèé

ïëàñòèíêè è òåïëîïðîâîäíîñòè â ïëàñòèíêå ïðè ãðàíè÷íûõ óñëîâèÿõ

òåïëîîáìåíà è íàïðÿæåííîãî ñîñòîÿíèÿ íà òîðöåâûõ ïëîñêîñòÿõ.

Èñïîëüçóþòñÿ ìåòîä ðÿäîâ Ôóðüå, ìåòîä ïðåäñòàâëåíèÿ ìîìåíòíûõ

ñîîòíîøåíèé, èçâåñòíûé ìåòîä ìèíèìèçàöèè ôóíêöèîíàëà.


