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ON OPTIMAL CONTROL OF THERMOELASTIC VIBRATIONS
OF A PLATE-STRIP
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The problem of optimal control of elastic vibrations of an isotropic plate-
strip under the influence of temperature and force fields is studied. The function
of changing the external load on the plane of the plate is represented as a control
function. Optimal control is also carried out by the distribution function of
the temperature of the external field over the plate. The well-known classical
hypotheses of thermo-elastic bending of the plate are accepted. The equations
of transverse vibrations of the plate and heat conduction in the plate are solved
under the boundary conditions of heat transfer and the stress state on the planes
of the plate. The method of Fourier series, the method of representing moment
relations, the well-known method of minimizing the functional are used.
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Introduction. The development of control theory and optimal control is driven
by important practical tasks in the fields of engineering and technology.The methods of
control theory, mathematical physics, and continuum mechanics, taking into account
certain peculiarities, make it possible to generalize control theory for solutions to
applied technological problems of heat conduction, heat transfer, and thermoelasticity
for structural elements of deformable solid bodies. It is widely accepted that these
problems are addressed through control methods applied to systems with distributed
parameters. The issues of optimal control of temperature fields, optimization of
heating, and optimal design of elastic bodies, including plates, are the subjects of
studies in [ 1-06]. Control of thermoelastic processes in structural elements is one of the
important and modern branches of deformable solid body mechanics. Special attention
is given to the physical-mathematical modeling of mechanical and technical problems
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that arise in various engineering sectors when designing structures that operate at
elevated temperature levels.

Problem Statement. An isotropic rectangular plate-strip with a thickness of
2 h and width a is referred to a rectangular coordinate system xy,y1,z1, 21 € [—h; A,
x1 € [0;a],y1 € (—oo;00). The plate is under the influence of a temperature field and
the temperature field in the plate T (x,z;,71), #1 is time parameter. The interaction
between an elastic plate and the surrounding medium is described by well-established
laws of thermo-mechanics. Heat exchange occurs between the surfaces of the plate at
z1 = £h and the external environment [3-5]

aor.
dz7y

where A, is thermal conductivity coefficient; A. is heat transfer coefficient of the plate
surfaces; T (x1, 1) is the temperature at z; = +Ah.

Ag=—EAN(T—TF) =0, z==h, (1)

The equations of transverse vibrations of the plate-strip in a temperature field
have the form
9*M,, *W,
—2ph =0. 2
o P on @

Here, classical hypotheses are adopted for the calculation of isotropic, thin plates

h? 2. E W, 2., E , ,
(az < 1> , My, (x1,11) = —§h3 =2 8x% — ghzmaTTl is bending moment,

h

W, is deflection function, T} (x1,7;) = / z1T.dz; is the integral characteristic of

3
w h
the temperature field of a thin plate, E, v, p are Young’s modulus, Poisson’s ratio of the
plate material, and the density of the plate material, respectively, oy is the coefficient
of linear thermal expansion. It is known that for a given plate-strip, the functions
characterizing thermoelastic vibrations, W (x1,#),Ti(x1,¢1) represent functions of
displacement and temperature characterizing thermoelastic vibration. The long sides
of the plate x; = 0,x; = a are hinged

Wi =0, My,=0 x=0, x=a 3)

The real process of thermoelastic deformation of a body is, strictly speaking,
non-uniform and irreversible. The mechanical energy of the oscillating body (plate)
diminishes over time, gradually decreasing from its initial value to the minimum
achievable level, ultimately leading to the establishment of an equilibrium state. The
change in the accumulated energy within the system is expressed as the rate of
mechanical energy dissipation per unit of time.The determination of the temperature
field in a thin-walled structural element, such as a plate, is carried out after reducing the
spatial heat conduction problem, considering the dissipation of mechanical energy, to
a two-dimensional problem. The differential equation of heat conduction concerning
the integral characteristic of the temperature function and the displacement function
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in the plate-strip has the following form:

9°T
h?- 8x2‘ —3(1+Bi)T| =

1
W (1+&) 9Ty 3131'(T+ ) gh® 1-2v J°W,
a ar atl 2 ¢ ¢ oarar 14v 8t1 8x%

The last term in Eq. (4) characterizes thermoelastic dissipation of mechanical

energy, and thus, Eq. (4) together with Eq. (2) forms a coupled system representing

“4)

h
the thermoelasticity problem for plates. Here Bi = — is a Biot coefficient

A §
of heat exchange with environment, a;y = —Z is thermal diffusivity coefficient,
Ce

co—Ce 14V

3ce Y
thermodynamic considerations & > 0), c. is the heat capacity at constant
deformation, ¢ is the heat capacity at constant stress. Note that by assuming & =0
we obtain the well-known heat conduction equation for a thin plate with heat exchange
with the external environment. The heat conduction Eq. (4) corresponds to linear
temperature distribution in a thin plate [2, 3]

z
T*ZTO(X1J1)+EIT1(X1J1), )

& = characterizes the thermoelastic dissipation of the material (from

h
. . 1 . .
where the integral characteristic Tp = o / T.dz, is the temperature of the midplane
—h
of the plate z; = 0. Let a constant temperature be maintained on the boundary surfaces
x1 =0,x1 =a,
T1 =0 when X1 :O, X1 —a. (6)

Taking the initial conditions for the functions W, and 7} in the form

le(pl(xl), aa‘Z]:l[/l(xl), T'=0 when 1 =0. (7)
From the perspective of mathematical modeling, a controlled system is defined as an
entity, whose temporal behavior can be manipulated by choosing external thermal
inputs. The peculiarity of controlling thermoelastic vibrations in this problem is taken
into account when heat conduction, thermal deformations, and stresses in the elastic
plate are induced by heat exchange with the surrounding environment and are also
influenced by the deformation process itself.
Let’s assume that the function characterizing the temperature difference of the
external environment on the planes z = %/ is represented as

or
2

u(t)) represents the control, the function characterizing the change in temperatures
over time. There is the possibility to control the shape of the external temperature
field source; v(x;) is the distribution function on the surfaces of the plate. The

(TF=T7) = v(x)u(n), (8)
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control problem is to establish, at a certain moment in time 7, the position of the
thermoelastic system that is closest to the temperature quasi-static state, taking into
account thermoelastic dissipation of mechanical energy.

The task is set to translate the thermoelastic process of plate vibrations described
by Egs. (2), (4), and conditions (3), (6), (7), (8) into a quasi-static mode.

9°M,
ax% =0,

9T, (1 4+2e(1—v)) IT; ©)
= —3(1+Bi)T| = - —=— —3Biv(x))u(ty),

8x% ar ot

when t = 7.

In this context, the functional characterizing the energy of the external tempera-
ture influence attains its minimum value

d = O/u2(t1)dt+20/v2(x1)dx (10)

in the space L,(0,7)xL(0,a).

Mathematical Methods and Solution. Adopting a set of new dimensionless

t 1%
variables x = x—l, t= —1, W = —1, T = arT;, where x € [0; 1],z € [0; 1]. In this case,

a T
the vibration Eq. (2) under the influence of the temperature field takes the form

o*w  a? T 1 W
o PtV ga g 5 =0 i
where =7 wf = Eihz The heat conduction Eq. (4) taking into account
= 1 07 3pat(1—v2)’ 4 8
condition (8), is represented in the form
h* 9°T oT e’y W
— == —3(1+Bi)T = 19— — 3Biu(t — . 12
2 o SUABIT =nor =3Biuvx) - a2 55 (12
2(1 1-2
where 1y = 1L F8) _ &(l=2v)
Tar (1 + 80)
The boundary and initial conditions (3), (6), (7) will be
*W
W=0, —5 =0, T=0 when x=0,x=1, (13)
ox
ow
W =o(x), o = (x), T=0 when r=0. (14)

For functions @(x), y(x) there are continuity requirements along with their
derivatives of the appropriate order, as well as conditions for matching the initial and
boundary conditions.

The control problem of the thermoelastic process consists of transforming
the system (11), (12) with conditions (13), (14) into equations of the quasi-static
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thermoelastic problem.

*W 42 2T
o V)5 =0

(15)
> 9°T

aT
;W—?)(I—FBI)T:T]W—:;BlMlV(X), when IZ 1,

here u; = u(1), 7 = (1 +€),T(t = o) = Const. During the time 7, i.e. att = 1, the
functional attains its minimum value in Ly (0, 1)xL,(0, 1)

1 1
= /u%zz+2/v2dx. (16)
0 0

It should be noted that 7y - 7 (or 7; - 7) is the characteristic time for heating the
plate through its thickness in the dynamic thermoelastic process (or in the quasi-static
process). Thermal diffusivity ar characterizes the rate, at which the temperature of the
material equalizes in non-equilibrium heat processe [2,6]. By taking &y = 0, we obtain
the equations for elastic transverse vibrations of the plate-strip under a temperature
field arising from heat exchange with the external environment. For solid, isotropic
bodies 0 < € < 1.

We represent the solutions of Egs. (11), (12) in the form

W (x,t) = Z Nm (¢) sin Tmx,

- 7)
T (x,t) =Y ,r_; Oy (¢) sintmx,
that satisfies conditions (13). We also consider expansions of the functions
v(x) = Z Vyn SIN TMX, (18)

m=1
@(x) =Y @usinwmx, y(x)= Y y,sinzmx.
m=1 m=1

To determine the function 1,,(¢), ¥, (t),m = 1,2,..., we obtain the following coupled
system of equations:

dZZ:;(t) 4 (D,%,T]m(f) _ Zi . %(D}%ﬂ}m(l‘) =0,
Todﬁ;t(t) Ao Bn(t) + ezz _ r(iyinvg . dn;t(r) — 3, Biu(r)
or 1 &2 A (1) AT (1)
<a),$, i 1) ( o +Amnm(t)) te— = Bvpu(t), (19)
00(1) = A () + - 20 0
On = On°m?, A, = 3(1+Bi) + h2”2m27 _ 3Bi(1+v)a®

To Toa? Toh?m2m?
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And for v,, we will have
1
Vi = 2/v(x) sin wmxdx. (21)
0

To satisfy the required conditions when ¢ > 1, we obtain
2
a
Tm* N (t) = (1Y) On(0),

dv,,(t Bi
(1 —I—E)A + Ay O (1) — 3—lu1vm =0,
dt T

what can also be represented in the form of

d*Nim dnm
n Z(t) n (t) +Amnm(t) :Bmel/t]

=0, (I+¢)

when ¢=1.
The unique solution to the problem (19), (20), (14) is presented in the form
N (t) = €7 (¢ o8 Quut + dyy SINQuut ) + frue ™" + B2 v,nG (1), (23)
where

(wr%z + A'n% - thlm)(,om - 2hm lI/m
(hm - Am)2 + 931 ’

Cm =

O (A — ) Aoy — @) 4 A Q%) + Wi (A2 — 2+ Q2)

dm = , 24
P O (12, — ©2 + Q%) + 2 Yy,
" (hm—)bm)z—i-Q%l ’

t
Gnlt) = / Foult —5)u(s)ds, (25)

0

and
1 — At —hyt P — lm .
Fou(f) = ol _ =l Qi+ Gn0ut ||, 2

(1) s [e e cos Qt + o sin Q¢ (26)

1 1
Vi =2 / v(x) sinwmxdx, @ =2 / ©(x) sin Tmxdx,
0 | 0 (27)
Y =2 / v (x) sin wmxdx.
0

The characteristic equation

2
(:)2 + 1) (s+4n)+ &5 =0 (28)

m
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for transverse thermoelastic vibrations of a thin, isotropic plate, from thermody-
namic considerations (as & < 1), has one negative solution and complex solutions
— Ay —hp £iQ, Ay >0, Q,, >0, by, >0forallm=1,2,... When & = 0 and
thermoelastic dissipation of mechanical energy is not considered A, = A,
hy, =0, Q,, = @,,. For the functional (16) we will have

m=1

1
=Y v+ / u?(t)dt, (29)
0

and represent function u(¢) in the form

u(t) = Z (ag cos @yt + by sin gt ) + ap.
k=1

The control function v(x)u(z) is divided into two components, and to find the
optimal control, momentary relationships and nonlinear equations are derived [1].
Note that for the solutions of the characteristic Eq. (28), we have
)Lm +2hy, = Am7
Q.+ 2h A + iy, = 0 (1 + €),

A (B2, 4+ Q2) = A

ma

whent > 1
Bi
On() = ¢ e 0709,, (1) = 3———uyv,, (e (1) — 1),
TOAm

n’m*h?

By(1) = ———n(1).

()= iy )

2a . . o .
Let’s assume that T = M’ a=1,2,...,1is a multiple of the vibration period

2
[1]. The system is controllable for T > prgpnl if the representation coefficients (23)
Cms dm, fm rapidly decrease with respect to m — oo, besides

Cm +fm = Qn,

Qudyy — hypCm — A'm.]l;n = Ypu.

In this case

&1y
q)lm(vmaamabm) = TTL = 07
A (30)
AN
Do (o) = (14T L4 o ) — Bywmat(1) = 0.

dt
The minimizing functional (29) takes the form

(oo} 1 (e}
a=0, ®= Zv;+52(a§,+bfn). (31)
m=1 m=1
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A known method of minimizing the functional is used, resulting in a system of
algebraic equations to determine a;,, by, v, and the multipliers &, Uy, m=1,2,---:
q)lm(vmaamabm) =0,
q)lm(vmyamabm) =0,

2Vm_'_(SmaCI)lm maq)Zm _ 0’
vy, v, (32)
a8y 221y 9Pom g
C S " Som
1m 2m
bt On =gy =+ b5 = =0

Conclusion. The second variation of the functional
P + Z (6mq)lm + u'mq)Zm)
m=1

is positive, therefore, extreme solutions lead to a minimum of the functional.

The representation of the control function, i.e., the function of the external
environment temperature, in the form of Eq. (8), leads to a system of nonlinear
algebraic equations for finding the optimal control function, as well as the vibration
and temperature functions.

The solution of the system of algebraic equations is determined ambiguously.
Having one of the solutions, the functional takes the same values on other solutions.
Freedom in choosing controls is used to highlight the solution that is the best from the
point of view of practice.
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U. \. Qb BUL, k. (1 &CPENr3TL

UUL-CEMSh Q6MUUUNAU24-ULUL SUSULNFULELE ONSPUUL NBUUJUCNUUEL
UuubhL

Yhypupyynud £ nEudupynn, puphugwd wupwdtiypppny hwdwljupgh hudwp
ouyphdw ntjujupiwd pubnhp: Awpuly, hgnppny vwbpmd ng uypughnbwp,
nhtwdhjuyub stipduwnwaqujubnipyult ypngtup tjupugpymy k otpdwuyh-
twbhwht nuopnud  (wybwiubd  pupuibnmdbtiph U uwh hwdwp  otipdw-
hunnpnujuinipyut nhdtiptitghw; hwjwuwpnuittiph hwdwungny: hwoyh k
wniymu dhhuwthuywb tbtipghuwh ebipduwnwaqujub gpnudp, nph wyyupéweny
nhippupyynud £ otipdwwpwaqujuinipjud juyuwlgywd jubnhp: Uwih ghdwght
hwppenipnibbtph b wpypuphtt dhowjuwyph dhol \pinh nith otipduwthnpuwbiwjnipyni:
inhp £ gpud  sipdwwnwaqujuinipjud nhpwnpyynn wypngbup npnpwyh
dudwbwyh pbpwgpmu phpt] pqughuqpuphy yhdwyh: Con npnd wpypuph
otipduyhtt wqnbignipymbp ptnmpwgpnn $nibyghnbwp hwutimd £ thnppugnye
wpdtiph, hulj wpypuphtt dhouwjuyph gtipdwuphéwbp nkyunjwpnn nidyghwib E:

C. A. JIZKIWJIABAH, 9. P. TPUT'OPAH

Ob OIITUMAJIBHOM VYIIPABJIEHNM TEPMOVYIIPYTUMHI
KOJIEBAHNAMU IIJIACTUHKHU-IIOJIOCHI

PaccmarpuBaercs 3a/1a4a ONTUMAJIBLHOTO YIIPABJIEHU M1 YIIPABJIsIEMON
CUCTEMBI C pacIpe/ieJIeHHbIMU MMapaMeTrpaMu. 1Iporecc HecTamonapHoi, nmHa-
MUYECKON TEPMOYIPYTOCTH B TOHKUX, U30TPOIHBIX IIACTUHKAX OIMCHIBACTCS
cucremoit nuddepeHnraabHbIX YPaBHEHUHN OTIEPEIHbIX KOIe0aHnil B TeMIIepa-
TYPHOM TIOJIE U TENJIONMPOBOIHOCTH I ILUIACTUHKU. Y UUTHIBAETCS TEpPMO-
YIPYToe paccessHue MEeXaHUIeCKO SHepTuH, YTO IPUBOJIUT K CBI3aHHON 3a/1a1e
TEPMOYIPYTOCTU MEK/Ly IIJIOCKOCTSIMU IJIACTUHKHU U OKPY2KAloIeil cpeioi, rjie
ocyrecTsiseTcs: Termooomen. CTaBUTCs 3a/iada ePeBoia PACCMaTPUBAEMOTO
[IpOIecca TEPMOYIIPYTOCTH 38 HEKOTOPOE BPEMs B KBA3UCTATHYECKUI PEXKIIM.
[Ipu sroM dyHKIMOHA, XapaKTEepPUIYIOIINi SHEPIUI0 BHEITHETO TEILJIOBOTO
BOBIEHCTBUA, JIOCTUTACT HANMEHBITEr0 3HAYECHUSI, 8 TEMIIEPATYPa OKPYKAIOIIEH
CPeJIbl SIBJISIETCs YIIPaBJIsieMOoil (DyHKIIEiA.
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