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SOME BOUNDS ON THE NUMBER OF COLORS
IN INTERVAL EDGE-COLORINGS OF GRAPHS

P. A. PETROSYAN ∗ , L. N. MURADYAN ∗∗

Chair of Discrete Mathematics and Theoretical Informatics, YSU, Armenia

An edge-coloring of a graph G with colors 1, . . . , t is called an interval
t-coloring, if all colors are used and the colors of edges incident to each vertex of
G are distinct and form an interval of integers. A vertex v of a graph G = (V,E)
is called a dominating vertex if dG(v) = |V |−1, where dG(v) is the degree of
v in G. In this paper we prove, that if G is a graph with the dominating vertex
u and it has an interval t-coloring, then t ≤ |V |+ 2∆(G− u)− 1, where ∆(G)
is the maximum degree of G. We also show, that if a k-connected graph G =

(V,E) admits an interval t-coloring, then t ≤ 1+
(⌊
|V |−2

k

⌋
+2

)
(∆(G)−1).

Moreover, if G is also bipartite, then this upper bound can be improved to

t ≤ 1+
(⌊
|V |−2

k

⌋
+1

)
(∆(G)−1). Finally, we discuss the sharpness of the

obtained upper bounds on the number of colors in interval edge-colorings of
these graphs.
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Introduction. We use [1] for terminology and notation not defined here.
We consider graphs that are finite, undirected, and have no loops or multiple edges.
Let V (G) and E(G) denote the sets of vertices and edges of a graph G, respectively.
The degree of a vertex v ∈ V (G) is denoted by dG(v), the maximum and minimum
degrees of vertices in G by ∆(G) and δ (G), respectively. The diameter of G is denoted
by diam(G), the connectivity of G by κ(G) and the chromatic index of G by χ ′(G).
A vertex v of a graph G is a dominating vertex if dG(v) = |V (G)|−1. A graph G is
k-connected (k ∈ N) if κ(G)≥ k. A proper edge-coloring of a graph G is a mapping
α : E(G)→ N such that α(e) 6= α(e′) for every pair of adjacent edges e and e′ in G.
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If α is a proper edge-coloring of a graph G and v ∈ V (G), then the spectrum of a
vertex v, denoted by S (v,α), is the set of all colors appearing on edges incident to v.
If α is a proper edge-coloring of a graph G and v ∈V (G), then the smallest and largest
colors of S (v,α) are denoted by S (v,α) and S (v,α), respectively.

An interval t-coloring of a graph G is a proper edge-coloring α of G with colors
1, . . . , t such that all colors are used and for each v∈V (G), the set S (v,α) is an interval
of integers. A graph G is interval colorable, if there is an integer t ≥ 1 for which G
has an interval t-coloring. The set of all interval colorable graphs is denoted by N.
For a graph G ∈N, the maximum value of t for which G has an interval t-coloring is
denoted by W (G). The notion of interval colorings was introduced by Asratian and
Kamalian [2] (available in English as [3]) in 1987 and was motivated by the problem
of finding compact school timetables, that is, timetables such that the lectures of each
teacher and each class are scheduled at consecutive periods. This problem corresponds
to the problem of finding an interval edge-coloring of a bipartite multigraph.

In [2, 3], Asratian and Kamalian noted, that if G is interval colorable, then
χ ′ (G) = ∆(G). Asratian and Kamalian also proved [2, 3], that if G is a triangle-free
graph and G ∈N, then W (G) ≤ |V (G)|− 1. In [4], Kamalian investigated interval
colorings of complete bipartite graphs and trees. In particular, he proved that the
complete bipartite graph Km,n has an interval t-coloring if and only if
m + n − gcd(m,n) ≤ t ≤ m + n − 1, where gcd(m,n) is the greatest common
divisor of m and n. In [5,6], Petrosyan, Khachatrian and Tananyan investigated interval
colorings of complete graphs and n-dimensional cubes. In particular, they proved that

the n-dimensional cube Qn has an interval t-coloring if and only if n≤ t ≤ n(n+1)
2

.
On the other hand, the NP-completeness results for the interval coloring problem on
bipartite graphs were obtained in [7,8]. In fact, for every positive integer ∆≥ 11, there
exists a bipartite graph with maximum degree ∆ that has no interval coloring [9].

First upper bounds on the number of colors in interval edge-colorings of graphs
were obtained in [10, 11]. In particular, Kamalian [11] proved, that if G is a simple
graph with at least one edge and G ∈N, then W (G)≤ 2|V (G)|−3. Moreover, this
upper bound is sharp for K2. In 2001, Giaro, Kubale and Małafiejski [10] slightly im-
proved the upper bound by showing, that if G is a simple graph with at least 3 vertices
and G ∈N, then W (G)≤ 2|V (G)|−4. On the other hand, in [5] it was proved that
for any ε > 0 there exists a graph G such that G ∈ N and W (G) ≥ (2− ε)|V (G)|.
In the case of planar graphs general upper bounds on W (G) were improved by
Axenovich [12]. In particular, she proved that if G is a planar graph and G ∈ N,

then W (G) ≤ 11
6
|V (G)|, and conjectured that this upper bound can be improved

to W (G) ≤ 3
2
|V (G)|. This conjecture was recently confirmed in [13, 14]. In [3],

Asratian and Kamalian proved, that if G is connected and G ∈ N, then
W (G)≤ (diam(G)+1)(∆(G)−1)+1. They also proved, that if G is connected bipar-
tite and G ∈N, then this bound can be improved to W (G)≤ diam(G)(∆(G)−1)+1.
Kamalian and Petrosyan [15] showed that these upper bounds cannot be significantly
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improved. Casselgren, Khachatrian and Petrosyan [16] derived upper bounds on the
number of colors in interval edge-colorings of multigraphs. In particular they proved,
that if G is a connected cubic multigraph and G ∈N, then W (G) ≤ |V (G)|+1 and
this upper bound is sharp. Recently, Muradyan [17] gave a new upper bound on the
number of colors in interval edge-colorings of complete multipartite graphs.

In this paper we first give a new upper bound on the number of colors in interval
edge-colorings of graphs with a dominating vertex. Then we provide new upper
bounds on W (G) for interval colorable k-connected graphs and k-connected bipartite
graphs. Finally, we discuss the sharpness of the obtained upper bounds on W (G) of
these graphs.

Main Result. Let G be a connected graph and u,v ∈ V (G). Two (u,v)-paths
P and Q are internally disjoint if they have no common internal vertices
(V (P)∩V (Q) = {u,v}). We need the following classical result in connectivity of
graphs [1].

T h e o r e m 1. (Menger’s theorem) A graph G is k-connected (|V (G)| ≥ k+1)
if and only if for every pair of vertices u,v ∈ V (G), there are at least k internally
disjoint (u,v)-paths.

Let G and H be graphs. The Cartesian product G�H is defined as follows:

V (G�H) =V (G)×V (H),
E(G�H) = {(u1,v1)(u2,v2) : (u1 = u2 and v1v2 ∈ E(H))

or (v1 = v2 and u1u2 ∈ E(G))}.

We also need the following results on the number of colors in interval
edge-colorings of graphs K2q [5, 10] and K2�K2q [15].

T h e o r e m 2. For any q ∈ N, K2q ∈N and

W (K2q)≥ 2q+1−2−q.

T h e o r e m 3. For any q ∈ N, K2�K2q ∈N and

W (K2�K2q)≥ 3 ·2q−2−q.

We are now able to prove our first main result.

T h e o r e m 4. If G is a graph with a dominating vertex u and G ∈N, then

W (G)≤ |V (G)|+2∆(G−u)−1.

Moreover, if G is a graph with a dominating vertex u, δ (G) ≥ 2 and G ∈ N, then
W (G)≤ |V (G)|+2∆(G−u)−2.

P ro o f. Let V (G) = {u,v1, . . . ,vn−1} and α be an interval W (G)-coloring
of G.

Consider the vertex u. Let us first show that 1≤ S(u,α)≤ ∆(G−u)+1.
Suppose, to the contrary, that S(u,α) ≥ ∆(G− u)+ 2. Since for each vertex

v ∈V (G)\{u}, dG(v)≤ ∆(G−u)+1, we have that for each vertex v ∈V (G)\{u},
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S(v,α)≥ 2, which is a contradiction, because of the definition of the interval coloring
the color 1 is not used in α .

So, we obtain
1≤ S(u,α)≤ ∆(G−u)+1,

hence,

|V (G)|−1≤ S(u,α)≤ ∆(G−u)+1+ |V (G)|−2 = |V (G)|+∆(G−u)−1.

This implies that for each vertex v ∈V (G)\{u}, we have S(v,α)≤ |V (G)|+
+2∆(G−u)−1. Thus, W (G)≤ |V (G)|+2∆(G−u)−1. Clearly, if G is a star graph,
then the upper bound is sharp.

Now assume that for a graph G ∈N with a dominating vertex u, δ (G)≥ 2.
Let us show that W (G)≤ |V (G)|+2∆(G−u)−2.
Suppose, to the contrary, that G has an interval t-coloring β , where t ≥ |V (G)|+

+2∆(G−u)−1. Since we have already proved that W (G)≤ |V (G)|+2∆(G−u)−1
for any interval colorable graph G with a dominating vertex u, we may assume that β

is an interval (|V (G)|+2∆(G−u)−1)-coloring of G.
Since |V (G)|−1≤ S(u,β )≤ |V (G)|+∆(G−u)−1 and δ (G)≥ 2, there exists

an edge e = vi0vi1 such that β (e) = |V (G)|+2∆(G−u)−1. This implies that

S(vi0 ,β ) = S(vi1 ,β ) = |V (G)|+2∆(G−u)−1,

and from this we obtain the following lower bounds:

S(vik ,β ) = S(vik ,β )−dG(vik)+1≥ |V (G)|+∆(G−u)−1

for k ∈ {0,1}. From these lower bounds and taking into account that
S(u,β ) ≤ |V (G)|+ ∆(G− u)− 1, we obtain that both uvi0 and uvi1 edges should
have the same color |V (G)|+∆(G− u)− 1 in β , which is a contradiction. Thus,
W (G)≤ |V (G)|+2∆(G−u)−2.

Let us note that the upper bound in Theorem 4 is interesting when

∆(G− u) ≤ |V (G)|
2
− 1. A windmill graph Wd(2q,2) (q ∈ N) may be formed by

joining together two copies of the complete graphs K2q at a common vertex u. Clearly,
Wd(2q,2) has 2q+1 − 1 vertices, ∆(Wd(2q,2)− u) = 2q − 2 and Wd(2q,2) ∈ N.
By Theorem 4, if q ≥ 2, then W (Wd(2q,2)) ≤ 2q+2 − 7. On the other hand,
using Theorem 2, it can be shown that W (Wd(2q,2)) ≥ 2q+2−4−2q. This shows
that the lower bound on W (Wd(2q,2)) is close to the upper bound in Theorem 4.

The next two theorems concern upper bounds on W (G) for interval colorable
k-connected graphs and k-connected bipartite graphs.

T h e o r e m 5. If G is a k-connected graph and G ∈N, then

W (G)≤ 1+
(⌊
|V (G)|−2

k

⌋
+2

)
(∆(G)−1).
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P ro o f. Consider an interval W (G)-coloring α of G. In the coloring α of G,
we consider the edges with colors 1 and W (G). Let e = uv, e′ = u′v′ and α(e) = 1,
α(e′) =W (G). Also, let P be the shortest path in G between endpoints of e ({u,v})
and e′ ({u′,v′}). Since G is k-connected, by Menger’s theorem, for every pair of
vertices x and y in G, there are at least k internally disjoint (x,y)-paths in G. This
implies that there exists a path P′ in G, which joins endpoints of the edges e and e′ such

that |(V (P′)| ≤
⌊
|V (G)|−2

k

⌋
+ 2. Clearly, |V (P)| ≤ |(V (P′)| ≤

⌊
|V (G)|−2

k

⌋
+ 2.

Without loss of generality we may assume that the path P joins the vertex u with the

vertex v′. Let P = u1,u2, . . . ,us, where u1 = u,us = v′ and s≤
⌊
|V (G)|−2

k

⌋
+2.

Since α is an interval W (G)-coloring of G, we have

α(u1u2)≤ dG(u1),
α(u2u3)≤ α(u1u2)+dG(u2)−1,

· · ·
α(uiui+1)≤ α(ui−1ui)+dG(ui)−1,

· · ·
α(us−1us)≤ α(us−2us−1)+dG(us−1)−1,

W (G) = α(e′) = α(u′v′)≤ α(us−1us)+dG(us)−1.

Summing up these inequalities, we obtain

W (G)≤ 1+
s

∑
i=1

(dG(ui)−1)≤ 1+
(⌊
|V (G)|−2

k

⌋
+2

)
(∆(G)−1).

T h e o r e m 6. If G is a k-connected bipartite graph and G ∈N, then

W (G)≤ 1+
(⌊
|V (G)|−2

k

⌋
+1

)
(∆(G)−1).

P ro o f. Consider an interval W (G)-coloring α of G. In the coloring α of
G, we consider the edges with colors 1 and W (G). Let e = uv, e′ = u′v′ and
α(e) = 1, α(e′) =W (G). Also, let P be the shortest path in G between endpoints of
e ({u,v}) and e′ ({u′,v′}).

Let us now show that there exists a path P?, which joins endpoints of the edges

e and e′ such that |(V (P?)| ≤
⌊
|V (G)|−2

k

⌋
+1.

Since G is k-connected, by Menger’s theorem, for every pair of vertices x and
y in G, there are at least k internally disjoint (x,y)-paths in G. This implies that
there is a path P′ in G which joins u with v′, and there is a path P′′ in G which joins

v with v′ such that |(V (P′)| ≤
⌊
|V (G)|−2

k

⌋
+ 2 and |(V (P′′)| ≤

⌊
|V (G)|−2

k

⌋
+ 2.

On the other hand, the case |(V (P′)| = |(V (P′′)| =
⌊
|V (G)|−2

k

⌋
+ 2 is impossible
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since the closed odd walk C = u,P′,v′,P′′−1,v,u contains an odd cycle, which contra-

dicts the fact that G is bipartite. Thus, min{|(V (P′)|, |(V (P′′)|} ≤
⌊
|V (G)|−2

k

⌋
+1.

Clearly, |V (P)| ≤ min{|(V (P′)|, |(V (P′′)|} ≤
⌊
|V (G)|−2

k

⌋
+ 1. Without loss of

generality we may assume that the path P joins the vertex u with the vertex v′.

Let P = u1,u2, . . . ,us, where u1 = u,us = v′ and s≤
⌊
|V (G)|−2

k

⌋
+1.

Since α is an interval W (G)-coloring of G, we have

α(u1u2)≤ dG(u1),
α(u2u3)≤ α(u1u2)+dG(u2)−1,

· · ·
α(uiui+1)≤ α(ui−1ui)+dG(ui)−1,

· · ·
α(us−1us)≤ α(us−2us−1)+dG(us−1)−1,

W (G) = α(e′) = α(u′v′)≤ α(us−1us)+dG(us)−1.

Summing up these inequalities, we obtain

W (G)≤ 1+
s

∑
i=1

(dG(ui)−1)≤ 1+
(⌊
|V (G)|−2

k

⌋
+1

)
(∆(G)−1).

Let us consider the upper bound on W (G) in Theorem 5. If we take K2�K2q

(q ∈ N) as G in Theorem 5, then it is easy to see that K2�K2q is a 2q-connected
2q-regular graph and K2�K2q ∈ N. By Theorem 5, we have that W (K2�K2q) ≤
3 ·2q−2. On the other hand, by Theorem 3, we obtain that W (K2�K2q)≥ 3 ·2q−2−q.
This shows that the lower bound on W (K2�K2q) is close to the upper bound in
Theorem 5. Let us now consider the upper bound on W (G) in Theorem 6. If we take
the complete bipartite graph Kn,n (n ∈ N) as G in Theorem 6, then, clearly, Kn,n is a
n-connected bipartite graph with 2n vertices and Kn,n ∈N. By Theorem 6, we have that
W (Kn,n)≤ 2n−1. On the other hand, it is well-known that W (Kn,n) = 2n−1 [4, 11].
Thus, the upper bound on W (G) in Theorem 6 is sharp.

Conclusion. In this paper we derived new upper bounds on the parameter W (G)
for graphs G ∈ N with a dominating vertex, k-connected graphs and k-connected
bipartite graphs.

For interval colorable graphs G with a dominating vertex, we think our upper
bound on W (G) can be generalized as follows:

C o n j e c t u r e. If G is a graph with a dominating vertex u and G ∈N, then

W (G)≤ |V (G)|+2∆(G−u)−δ (G).

In fact, Conjecture is true for interval colorable graphs G with a dominating
vertex, where δ (G) = 1 or δ (G) = 2. Thus, Conjecture remains open only for such
graphs G with δ (G)≥ 3.
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Although the upper bound on W (G) in Theorem 6 for interval colorable
k-connected bipartite graphs is sharp, there exists some gap between the similar
upper bound on W (G) in Theorem 5 and lower bound on W (G) for interval colorable
k-connected graphs. In fact, for our example, the gap between the upper bound on
W (K2�K2q) and the lower bound on W (K2�K2q) is log2 ∆(K2�K2q). We think that
the problems of decreasing the gap between these bounds or improving the upper
bound on W (G) for interval colorable k-connected graphs are good subjects for further
considerations.
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P. A. PETROSYAN, L. N. MOWRADYAN

GRAFNERI MIJAKAYQAYIN KO�AYIN NERKOWMNEROWM MASNAKCO�

GOWYNERI QANAKI ORO
 GNAHATAKANNER

G grafi ko�ayin nerkowm� 1, . . . , t gowynerov ko�vowm � mijakayqayin

t-nerkowm, e�e bolor gowyner� �gtagor�va� en,  G-i kamayakan gaga�in
kic ko�eri gowyner� tarber en  kazmowm en ambo�j �veri mijakayq:

G = (V,E) grafi v gaga�� ko�vowm � dominant, e�e dG(v) = |V |−1, orte�
dG(v)-n v gaga�i asti�ann � G grafowm: Ays a�xatanqowm apacowcvel �,

or e�e dominant u gaga� owneco� G graf� owni mijakayqayin t-nerkowm,
apa t ≤ |V |+ 2∆(G− u)− 1, orte� ∆(G)-n a�avelagowyn asti�ann � G
grafowm: Cowyc � trvel na , or e�e k-kapakcva� G = (V,E) graf� owni

mijakayqayin t-nerkowm, apa t ≤ 1 +

(⌊
|V |−2

k

⌋
+2

)
(∆(G)− 1): Avelin,

e�e G-n na erkko�mani �, apa stacva� verin gnahatakan� kareli �

lavacnel t ≤ 1+
(⌊
|V |−2

k

⌋
+1

)
(∆(G)−1): A�xatanqi verjowm qnnarkvowm

en stacva� verin gnahatakanneri hasaneliow�yan het kapva� harcer:
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П. А. ПЕТРОСЯН, Л. Н. МУРАДЯН

НЕКОТОРЫЕ ОЦЕНКИ ЧИСЛА ЦВЕТОВ В ИНТЕРВАЛЬНЫХ
РЕБЕРНЫХ РАСКРАСКАХ ГРАФОВ

Реберная раскраска графа G в цвета 1, . . . , t называется интервальной
t-раскраской, если все цвета использованы и цвета ребер, инцидентных
любой вершине графа G, различны и образуют интервал целых чисел.
Вершина v графа G = (V,E) называется доминантной, если dG(v) = |V |−1,
где dG(v) – степень вершины v в графе G. В настоящей работе показано,
что если граф G с доминантной вершиной u обладает интервальной t-рас-
краской, то t ≤ |V |+2∆(G−u)−1, где ∆(G) – максимальная степень вершин
в графе G. В работе также показано, что если k-связный граф G = (V,E)

обладает интервальной t-раскраской, то t ≤ 1+
(⌊
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k

⌋
+2

)
(∆(G)−1).

Кроме того, если граф G также является двудольным, то полученную

верхнюю оценку можно улучшить до t ≤ 1 +

(⌊
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k

⌋
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)
(∆(G)− 1).

В конце работы обсуждается достижимость полученных верхних оценок
числа цветов в интервальных раскрасках рассмотренных графов.


