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CHANGES IN “CROWNS” IN TOPOLOGICAL ALGEBRAS OF FUNCTIONS
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In this work, for topological algebras of continuous complex-valued
functions defined on a locally compact, the change in the topological “crown” of
such algebra is studied depending on the topology introduced in it. Note that
the concept of the “crown” was previously studied in works [1-3]. However,
the concept of the topological “crown” for topological algebras of functions is
introduced for the first time in work [3]. In fact, the topological “crown” is the
set of all those linear multiplicative functionals that are not continuous on the
given topological algebra.
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Introduction. Let Q be a locally compact Hausdorff space admitting

a compact exhaustion Q = J K, where K,, C K, and each K}, is a compact set in Q.
n=1
Furthermore, C(Q2) denotes the algebra of all continuous, complex-valued functions

on Q, and C..(Q) denotes the subalgebra of C(Q) consisting of all bounded functions
in C(Q). If the topology on C.(Q2) is induced by the sup-norm, i.e.

£l = sup{lf(x)]: x € Q},

then we obtain a commutative Banach algebra C,(Q). The space of maximal ideals
Mc,(q) of this algebra is the Chech-Stone compactification of Q. The latter is the
maximal compactification among all compactifications, containing Q (see [4, 5]).
Note, that if ¢ € Mc,(q), then @ is a linear multiplicative functional with unit
norm, and each point x € Q generates a Dirac multiplicative functional J,, where

O:(f) = f(x) for each f € Cp(Q).
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Since C.() is a Cp(€2)-module, we define a family of seminorms {P; } secy ()
on C.(Q) as follows:

Pe(f) = I Tefl.s »

where T, : Coo(Q) = Coo(Q) is the multiplicative operator defined by 7, f = g f.
We define a topology on C(2) using this family of seminorms, where the basis
of neighborhoods of the zero function 0 consists of sets of the form:

U@i,...,Pe) ={f€C.(Q)| P(f) <&, i=1,...,n},

where € > 0, and {Py,...,P,} is an arbitrary finite collection of seminorms from
{Ps}gecy(q)- This topology will be called the fB-topology on C..(€2). Further the
algebra C..(2) equipped with the B-topology will be denoted by Cg(€2). Note that
B-topology is a locally convex topology.

Recall (see [3]) that a closed subalgebra A of the strict uniform algebra C B (Q)
is called B-uniform, if it contains constants and separates points in the set Q. In the
future, we will denote this algebra by Ag. Since the uniform topology is stronger
than the 3-uniform topology, the -uniform algebra Ag is a closed subalgebra of the
algebra C,(Q) in the sup-norm topology. We denote the algebra A equipped with the
uniform topology (i.e. the sup-norm topology) by A, and denote by M,_ the space
of maximal ideals of A, (see [4-9]).

Denote by M4 5 the set of all B-continuous linear multiplicative functionals on
the B-uniform algebra Ag.

Above argument shows that M Ag C My... Additionally, recall that each
functional @ € M,_ is continuous and has a unit norm. Namely, M4 is a compact
subset of the unit sphere of the conjugate space A% of A. in the dual *-topology.

For the B-uniform algebra Ag, we define its “[-crown” as the set Mg\ M. A
denoted by cor(Ag).

In fact, for the S-uniform algebra Ag its “B-crown” cor(Apg) = Ma_ \ Ma,
consists of those linear multiplicative functionals that are not continuous on the
topological algebra Ag.

Main Result.

Theorem 1. For any compactification X of a locally compact space Q,
there exists a topological function algebra on Q, whose corresponding “B-crown”
is K\ Q.

Proof. Let X D Q be an arbitrary compactification of Q. Then the
Banach algebra Ay gq) in the sup-norm, is defined as Ay () = {f € C(Q)}: such
that there exists g € C(X), with g|, = f}, is a subalgebra of the Banach algebra
Cp(Q). Here My, (o) = K, since it is isomorphic to the algebra C(X) (see [4]).
Actually, the algebra Ay (Q) consists of bounded, continuous functions on Q that
admit continuous extensions to the compactification K. Therefore, Ay (Q)* = M(XK),
where M(XK) is the space of all finite regular Borel measures on XK. Simultaneously,
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consider the B-uniform algebra Ay g(Q). By Buck’s theorem (see [7], Theorem 2),
we have Ay p(Q)" = M(Q), which means that Mg, ;) = Q. Therefore,
by the definition of “f-crown” for the [B-uniform algebra Ay g(Q) we have
cor(Agx g(Q)) = K\ Q (see [4], p. 248-255). Thus, Theorem 1 is proven. O

Concerning to Theorem 1, it is noted that if the topology 7 is introduced
on the algebra A4 (Q) such that it is stronger than the weak topology and weaker
than the strong topology, then by Mackey-Arens theorem (see [10]) we have
Ag (Q)* = M(Q). Therefore, for such topological function algebras Ag (Q)
as in Theorem 1 we get cor(Ax (Q)) = K\ Q.

Also, it is noted that in the conditions of Theorem 1 the property of local
compactness of the set Q2 can be replaced by the condition of being fully regular, and
the algebra C..(Q) can be replaced by the algebra B(Q) of all bounded, complex-
valued functions defined on Q (see [0, 7]).

Let us consider several interesting examples of fS-uniform algebras.
For example, the f-uniform algebra Hg (A) was considered, where

A= {z€C!: |zl < 1}, and H*(A) is the Banach algebra of all bounded analytic

functions on the disk A (see [2, 3, 7]). As shown in [3], for the B-uniform
algebra HE’(A) we have MHE(A) = A, and hence cor (HB"(A)) = Mp=a) \ A, ie.

each functional ¢ € My=(a) \ A on the B-uniform algebra Hj (A) is not continuous.

Another example is the algebra B(Q), where Q = R!, and B(R!) is the algebra
of continuous almost periodic functions. The algebra B(R!) is the uniform limit
n

on R! of trigonometric polynomials of the form Z a jeilf’ , Where 4; € R!, a i€ cl.
j=1

The algebra B(R!) is a commutative B* algebra, and its space of maximal ideals
Mpg1y can be equipped with the structure of a compact topological group.
The compact Mp 1) is called the Bohr compactification of R! and the real line
R! is embedded in Mpr1y as a dense semigroup. Note that this embedding is not
a homeomorphism (see [4, 5]). Regarding this algebra, it is noted that unlike the
function algebra Ay (Q), the algebra of continuous almost periodic functions B(Q)
is not regular and, therefore, B(Q) C Cp(Q2) and thus Mpq) & M, (o). Hence, it
is a natural question to characterise the $-uniform algebra Bg(Q) in terms of its
“B-crown”.

To illustrate the compactifications, consider the following two examples.

If Q = R! = (—o0,+00), then it has infinitely many compact extensions.
The minimal among them is when one “point” is added to R!. The corresponding
subalgebra Ay (R!) = {f € C,(R!) that have limits as t — —oo, t — +oo
and lgr_nm ft)= ,Erfm f(¢)}. In this case, the “crown” consists of one “point”.

Wider classes of subalgebras are obtained, if we consider the algebras of
functions f € Cp(R!) that have the mentioned limits, but do not coincide.

Now let’s consider a modification related to the construction of a strictly uniform
topology.
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For a fixed number k € N{J{0}, let C(()k)(Q) be a subalgebra of the algebra

Cw(Q), consisting of all k-times continuously differentiable functions that vanish at
“infinity”. It is clear that

G@c..cl@caN@Qc... CaQ) ¢ Ca(e).
Note that for a fixed number k € NJ{0}, the algebra C.(Q) is a
¥ (Q)-module (i.e. C(Q)C(Q) C C(Q)).

For a fixed number k € N|J{0} (as in [0, 7]), using Cék) (Q) we define a family
of semi-norms {Pk’g}ge o On the algebra Co(Q), where
0

Pk,g(f) = H:Pk,g(f)Hmy

and Py o1 Coo(Q) — Coo(Q) is a family of multiplication operators, acting according
to the formula

(@)

Pro(f)=g-f, where g GC(()k>(Q).

Then on the algebra C.(Q)), using the above family of semi-norms, a topology
is defined, where the basis of neighborhoods of the zero function is determined by sets
of the form

U (Prgys o Prgy) = { £ € Ca(@): Py, () < £, 85 € Q)

Here € > 0, and {Pyg,,...,Prg,} is an arbitrary finite family of semi-norms
from the family {P;%,}g6 @) The topology defined in this way on the algebra
Cw(Q) is called the Bi-uniform topology on Cw(Q2), and the algebra C..(2) equipped
with the Bx-uniform topology is denoted by Cg, (). In particular, for k = 0, we have
that CﬁO(Q) = Cﬁ (Q)

As above, for any compactification K D Q and any fixed number k € NJ{0},
we can consider the B;-uniform algebra Ay g, (Q) and 7-uniform topological algebras
Ay 7, (Q), where the topology 7 introduced on the algebra Ay () is stronger than
the weak topology and weaker than the strong topology (see [10]). When k = 0,
we obtain that Ay g, () = Ag ().

Theorem 2. Let KX D Q be an arbitrary compactification of a locally
compact set Q. Then for any fixed number k € NU{0}, the “B-crown” of the
Br-uniform algebra Ax g, () coincides with the set X\ Q.

Proof. Note that for a fixed k € NU{0}, the algebra Ay g (Q) is fr-complete,

locally convex algebra in the fB;-uniform topology. Moreover, C(()k) (Q) is dense
everywhere in the algebra Ay g (), since C(()k) () possesses a bounded
approximate identity. By Buck’s theorem (see [7, 11]), it is easy to see that
the Py-uniform topology on the algebra C.(Q2) is consistent with the duality
(Agc g, (), M(Q)), where M(Q) is the space of all bounded regular Borel measures
on Q. Therefore, the “f-crown” of the fBi-uniform algebra Ay g () coincides with

K\ Q. Theorem 2 is proven. O
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From the o-compactness of Q, we have that each f-Cauchy net (similarly,
T-Cauchy net) is a Cauchy net in the topology of uniform convergence on each
compact K C Q. Therefore, the pairs (Ax g (Q),M(Q)) for the mentioned
Tr-topologies form a consistent duality, and consequently, for the topological algebras
Ag 7, (Q), their “7i-crown” coincides with the set K\ Q.

Conclusion. Thus, in connection with the above statements regarding “crowns”,
it can be said that for the mentioned topological function algebras Ag ¢, (Q), all
linear multiplicative functionals ¢ € X\ Q are not continuous functionals on these
topological algebras. Also, note that since it is o-compact, if we introduce topology on
the algebra C..(€2) using Cpo (L), where Cp () is the space of all continuous, complex-
valued functions with compact supports, then the obtained topological algebra on
Cw(Q), denoted by Cy(L2), is an algebra in which convergence is uniform convergence
on compact subsets of Q and which is the weakest of those topologies for which, by
Mackey-Arens theorem, duality (Ci(€2), M(€)) is preserved. Therefore, Mc, (o) = 2
and hence cor(Ci(Q)) = M, (q) \ Q-
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S. U. nNFN8UWL, U. h. GUMTUEL3UL

dAFLESPULENP SNMALNGPUTHUEL SULAUNUSUNFT «FUABLD»
PNPNNFE-8AFLLELR

Whupwipnid nuunudbwuhpynud £ nuy §ndyuljyp qpupwdnipynibbtinh
Ypw npnpywd wbpbnhunp, Yndybpu wpdtiptitip piinnionn $mayghwdtiph ppnuyn-
Inghwut hwipwhwoyh pnuyninghwubl «pwgh» thnthnfunipmop” Jupaud
Upwind dipggud ypinynjughwyhg: L{wptbp, np «Ewgh» hwulugniEyniap wytih
onup nuunuibwuhpyty £ [1-3] wphuwpuibipbbipmy:  Upkbp, np $mblyghwibtph
pnyninghwud hwipwhwyhyutiph pnuyninghwud  «pwg» hwuugnipnibp
wpwohltl wiqud nunufbwuhpyby b [3] woiwgpuipmy: dwuypugh, qpnwnpn-
ghwljwi «pwgp» nw wjd pnnp gdwght, dniyyphuyhjuphy $nibyghnbiwdiinh
puqunipinibl E, npnbp wbptnhunp skt pdju pnuyyninghwjut hwbpuhwyynid:

T. M. XYJO04AH, M. 1. KAPAXAHAH

OB U3MEHEHNU “KOPOHBI” B TOIIOJOIMYECKUX AJITEBPAX
OYHKITHIT

B nannoit paboTe 115t TOIOJIOTUIECKUX AJIreOP HEIPEPBIBHBIX, KOMILJIEKCO-
3HAYHBIX (DYHKIN, OIpEIe/IeHHbIX Ha JIOKAJLHOM KOMIIAKTE, H3YyJaeTCs
M3MeHEHNEe TOIOJOTHIECKONH “KOPOHBI' Takoil aredpbl B 3aBUCHUMOCTH OT
BBEJIEHHOI B HEll TOMOJIOTHN. 3aMETHUM, UTO paHee MOHSTHE “KOPOHBI U3y Ja/I0Ch
B paborax [I-3]. OxHaKO OTMETHM, YTO MOHATHE TOIOJOTHMYECKOH “KOPOHBI”
JUIsl TOINOJIOTHYECKUX airebp ¢dbyHKIuili BIepBble H3y4asoch B pabore [3].
DaKTUIECKH TOMOJOTMIecKasl “KOpoHa’ eCThb MHOXKECTBO BCEX TeX JIMHEHHBIX,
MYJIBTUILIUKATUBHBIX (DYHKIIMOHAJIOB, KOTOpPbIE HE HEIPEPBIBHBI HA IAHHO
TOTIOJIOTHIECKOI aarebpe.
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