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ON THE CALCULATION OF THE COEFFICIENTS
OF CUBIC SPLINES ON A SET OF EQUIDISTANT KNOTS
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As is known, the coefficients of the interpolation cubic spline are found
by solving a tridiagonal system of linear algebraic equations of a special type.
To solve the system, a well-known numerical algorithm is usually used. In this
paper, an alternative method for finding the coefficients of a natural cubic spline
on a uniform set of knots is proposed. The method is based on the analytical
inversion of the tridiagonal matrix, which made it possible to obtain closed-
form expressions for the coefficients. This approach allows us both identify the
analytical dependence of the spline coefficients on its values at the knots and
obtain simple formulas for calculating these coefficients, by passing the solution
of the system.
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Introduction. Let us first recall the definition of an interpolating cubic spline
[1,2]. Consider a subdivision a = xp < x] < -++ < x,—1 < x, = b of the interval [a, b].
At the knots x;, i =0, 1,... ,n some values y; are given. An interpolating cubic spline
S(x), i.e S(x;) =yi, i =0,1,...,n, is a piecewise cubic polynomial whose first and
second order derivatives are continuous at the knots x;,x,...,x,—1. The cubic spline
S(x) is called natural under the additional condition S”(a) = 8" (b) = 0.

Here we will consider the case of uniform set of knots x;y; = x; + A,
i=0,1,...,n—1 with the step h = (b —a) /n. Let Si(x), 0 <i <n—1, be the cubic
polynomial that represents the natural spline S(x) on the subinterval [x;,x;11].
The polynomials S;(x) can be written in the form

Si(x) :y,-—i-m,-(x—xi)—i-jl(x—xi)z—i—%(X—xi)3 (D
(see [1,2]). The values M; are determined from the system of linear equations
M, +4M+M; 1=y, i=1,2,....n—1;, My=M,=0, 2)
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where
Vi1 = 2yi+Yis1
h? ’

The values m; in (1) are calculated by formulas

%=6 =1,2,....,n—1. 3)

mi = y“T_y - g(ZM,-+M,-+1), i=01,... n—1.

To determine the values M;, the tridiagonal system of linear Eq. (2) can be
solved using a well-known numerical algorithm [1,2]. The implementation of this
algorithm, taking into account the calculation of the right-hand sides ¥; of the system
by formulas (3), requires ~ 10n arithmetic operations.

In this paper, we propose an alternative method for calculating the values M; by
deriving explicit expressions for these values. The method is based on the analytical
inversion of the matrix of system (2). In this way, we obtain the expressions for the
quantities M; through the values y; of the cubic spline at the knots.

Derivation of Basic Formulas. Let

4 1
14 1 0
A= ; “4)
0 14 1
L 1 4_

be the matrix of system (2) of order n — 1. The system can be written as AM =T,
where M = [My,M>,.... M, 1]" and T = [y1,,...,¥_1)] are the vectors of the
unknowns and right-hand sides, respectively. Then

M=A"T. (5)

To calculate the elements of the inverse matrix A~!, we use formulas derived in
the article [3]. In this work, a symmetric tridiagonal Toeplitz matrix

a b
b a b 0

A=| | b0
0 b a b

b a

of order n was considered. Under the condition |a| > 2|b|, which also ensures the
nonsingularity of matrix A, the following expressions for the elements of the inverse
matrix A~ = [K;;]ux, Was obtained. Namely, for the values j =1,2,...,n:

() () (5]
() ()]

(6)
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if i=1,2,...,j—1and

) ) (5)]
()" ()]

if i=j,j+1,...,n, where r = Va? —4b2.
With regard to matrix A from (4), the expressions (6) and (7) for calculating the

elements of the inverse matrix A~! = [Xijln—1xn—1 take the following form. For the
values j=1,2,...,n—1:

(-1

Kij =
J r

(7

(1) )T )

- . 8
Xij 23 =) 3)
if i=1,2,...,j—1and
C1)imd (i i (g g
N e Ul ) o)
23 (" —17")
if i=j,j+1,...,n—1, wheret=2++/3.
If we introduce the notation
ek .
oy = , =0,1,...,n, 10
=5 (10)
then expressions (8) and (9) can be written as
xj= (1" =12, 1 (11)
Oy
and o
xij:(_l)l_J%a l:.]>]+1>7n_1 (12)

n
The quantities ¢ defined in (10) can be calculated using a simple recurrent
procedure. Indeed, it is not difficult to obtain a relation

O —1 + Oy = 40y, (13)
from which
=40 —o_1, k=1,2,....n—1, (14)

where ap =0, oy = 1. We eventually obtain o = 4, a3 = 15 and etc. This requires
~ 2n arithmetic operations. Note that all quantities o, k > 1 are positive integers.

Let us proceed to calculating the components of the vector M. Based on (5), for
the values i =1,2,...,n— 1 we have

i—1 n—1 i—1 n—1
M; = Z Xij¥j+ Z XijYj = Z Xji¥j+ Z XjiYj-
j=1 j=i j=1 =i
From here, using expressions (11) and (12), we obtain

il OOy n—1 Oy O
M, =Y (—1)‘*-’M}/j—|— Y (_1)#:# ;
(—l)i n—1

i—1 X .
= (ocni .)Zl(—l)’aﬂ’ﬁ“i Z.(—l)’“nﬂ’j) :
]:

(o J=t
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Substituting expression (3) for the values ¥; into the last equality yields

(=1)" 6 il ;
Mi=-—> =i ¥ (=1)aj(yj-1—2y;+yj+1)
(0 h j=1

n—1 .
o Y (—1) o j(yj—1—2y; +yj+1)>,
j=i

from where, after simple transformations, we obtain

—-1)" 6 il .
M; = ( an) : 2 (Oln—i<— OCIyO‘f‘jgl(—l)]Jrl(OCj_] +20£j+06j+1)yj>
+(=1)! <an—i(ai—l + ;) + 04 (01 + Otn_,-))yi
n—1 .
+o ( Z 1(_1)]+1(an—j—1 +2an—j+ an—j+1)yj+ (—1)"‘1a1yn> )
Jj=i+

Finally, taking into account relation (13), we arrive at the expressions for the
values M;,i=1,2,...,n—1, that is

-1 i 6 i—1 .
M; = u -— (a,,i (—oclyo—|-6 X (—1)j+lajyj>

(0/% h2 j=1
+(= 1) (Opi( Qi1 + ) + 0( Qi1 + Qi) i (15)
n—1 .
+0; (6 ) (—I)H'IOC,,,J'))J'—F (—1)"_1061)),,
j=i+1

Remark. The integers oy, recurrently calculated in (14), are universal in
nature, in the sense that they do not depend on either the values of the knots or the
values of the spline at these knots.

Let us note one important feature of the obtained expressions (15). They
establish an explicit analytical dependence of the quantities M; on the values of the
cubic spline at the knots. This can be useful in both theoretical studies and numerical
calculations. For example, expressions (15) allow us to calculate new quantities M;
quickly when changing the values of a cubic spline at one or more knots. For the
sake of simplicity, let us consider the case when only the value yy changes to .
Accordingly, all values M; will change to M;, while

YA
R

Implementation Details. Let us turn to expression (15), writing it in the form

Fo—yo)- (=D e,y i=1,2,...,n—1.

M; = 0 (a,,_,-<p,~ — (a1 + Oéi)yi> + o (qz‘ — (01 + an—i>yi>) , (16)

"o h?

where
i—1

pi= (—l)i(—alyo+6Z(—l)f“ajy,-), i=1,2,...,n—1
j=1
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and

n—1
gi=(-1)' (6 )y (_1)]+lanjyj+(_1)n1051)%)7 i=12,....,n—1

j=i+1
The quantities p; and g; can be calculated using recurrence relations
p1L=01y0; pir1=—pi+60y;, i=12,...,n-2 a7

and
Gn—1=01Yn; qi=—qit1+60_i1yiy1, i=n—2,n-3,...,1. (18)
A simple calculation shows that computing the values p; and ¢; using formulas
(17) and (18) requires ~ 5n arithmetic operations. Another ~ 10rn arithmetic operations
are required to calculate all the values M; using expressions (16).
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NSEJUUUCUSER SULENESSLENP AUQUNHE-8UWL JNUY uNCWLUNMUBPL
UMIu33LGrh aNCroUyYbhsLELh NUCJUUNUh UWURL

bogwtiu hwypth £, htpbipyynpjughnt funputiwpnuyhtt uwyjwyth gnpdwyhg-
otpp npnpymid G hunpniy (phwyh qouyhtt hwtpwhwyywjuwt hwjuwuwpmdbbph
tiptipwblyniwgduyhtt hwdwlupghg: LUwh hwdwupgbpp WMdLNL  hwdwp
unynpwpwp oquuugnpdynid £ huppbh pduyht wgnphpdp: Wu wyhiwpubpnid
wnwouwpynud £ hwjwuwpwhtin  hwignygitiph pwqinipjul ypw phuyub
funpuliwpnuyhtt uyuyth gnpdwljhgiipp gpibtne wypbyppubpuhtt tnuwbwy,
npp hhdtqwd L Gphpwdlynibugdwyhtt dwypphgh ybpnudwlud hwjunupadwb
Yypuw: UWprynmibpnid uypugyly G pugwhwyyp  wpppuwhwypnipiniddbp uyuybh
gnpdwyhgbtiph hwdwnp: Wu dnpptgnudp pnyp £ quuihu htsybiu pugwhwyypty
uwjjwyh gnpdwyhgttinh Yapnidwlyud jupujuodnpnbp hwbgnygbtiph Jpuw npu
wnpdtipiiphg, wjbwbu £ upubw wn gnpdwyhgbtpp  hwpdwplym wwupq
pwlwalitip’ opewbghiny hwdwlwpgh mdnuip:
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A. A, MAHYKAH

O BBIYUCJIEHUN KOR®PUIMEHTOB KYBUYECKHNX CILJIAITHOB
HA MHOXKECTBE PABHOOTCTOAIINX VY3JIOB

Kax wu3BectHO, KO3(PDUIMEHTH WHTEPIOIAIMOHHOIO KyOUIecKoro
CILJIAHA, ONPEJIETISIOTCS U3 TPEXIMaroHaIbHOM CUCTEMbl JIMHEWHBIX aJirebpan-
YeCKUX YPaBHEHUI CllenuaabHOro Buja. st perenusi TaKux CUCTEM OOBIMHO
UCIIOJTB3YeTCsl U3BECTHBIM YHCJIEHHBI ajroput™. B jaHHON pabore mpe-
JlaraeTcst aJibTePHATUBHBII METOJ HAXO0K IeHUsT KO3 MUIIMEHTOB HATYPaJIbHOTO
KyOM1ecKoro ciurafiHa Ha PaBHOMEDHOM MHOXKeCTBe y3JioB. Mertonm ocHOBaH
Ha AHAJUTUIECKOM OOPAINEHUH TPEXIUATOHAJIBLHON MaTPHILI, B Pe3yJIbTaTe
4qero ObLIN TOJIyYEHbI IBHBIE BBIPAXKEHUS JIJ1si KoM PUIMEeHToB ciuiaitna. Takoit
IIO/IXO/] TIO3BOJIUJI KAK BBISBUTH aHAJUTHIECKYIO 3aBUCUMOCTh KO3(DPUITMEHTOB
CIJIaiiHa OT €ro 3Ha4YeHuil B y3jax, TaK U HOJYYUTh MPOCTbie (DOPMYJIbI st
pacuéra 3Tux Ko3(pOUIMEHTOB, MIUHYs PEIICHUE CUCTEMBI.



