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Introduction. The calculus of time scales was accomplished by Stefan Hilger
[1]. A time scale is an arbitrary nonempty closed subset of the real numbers. Let T
be a time scale, t1, t2 ∈ T with t1 < t2 and an interval [t1, t2]T means the intersection
of the real interval with the given time scale. The major aim of the calculus of
time scales is to establish results in general, comprehensive, unified, and extended
forms. This hybrid theory is also widely applied on dynamic inequalities, see [2–5].
The basic ideas about time scale calculus are given in the monographs [6, 7].

We state here reverses of Callebaut’s and Rogers–Hölder’s inequalities, see [8].
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where δ ∈ [0,1], β = min{1−δ ,δ} and γ = max{1−δ ,δ}.
If there exist constants m, M such that 0 < m ≤ fk

gk
≤ M < ∞

for any k ∈ {1,2, . . . ,η}, then we have that
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where γ = max{1−δ ,δ}.

If p,q > 1 with
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where β = min
{
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}
and γ = max
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}
.

Preliminaries. First, we present a short introduction to a diamond-α derivative
as given in [9, 10].

Let T be a time scale and f (t) be differentiable on T in the ∆ and ∇ senses.
For t ∈ T, the diamond- α dynamic derivative f �α (t) is defined by

f �α (t) = α f ∆(t)+(1−α) f ∇(t), 0≤ α ≤ 1.

Thus f is diamond-α differentiable if and only if f is ∆ and ∇ differentiable.
The diamond-α derivative reduces to the standard ∆-derivative for α = 1,

or the standard ∇-derivative for α = 0. It represents a weighted dynamic derivative
for α ∈ (0,1).

The following definition is given in [10].
Let t1, t ∈ T and h : T→ R. Then the diamond-α integral from t1 to t of h is

defined by
t∫

t1

h(s)�α s = α

t∫
t1

h(s)∆s+(1−α)

t∫
t1

h(s)∇s, 0≤ α ≤ 1,

provided that there exist delta and nabla integrals of h on T.
The following well-known Young’s inequality holds:
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For Φ,Ψ > 0 and δ ∈ [0,1], we have

Φ
1−δ

Ψ
δ ≤ (1−δ )Φ+δΨ. (4)

Kittaneh and Manasrah [11, 12] provided a refinement and a reverse for Young
inequality as follows:
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where Φ,Ψ > 0, δ ∈ [0,1], β = min{1−δ ,δ} and γ = max{1−δ ,δ}.
The following inequality is given in [8]. We observe that, if Φ,

Ψ ∈ [m,M] ⊂ (0,+∞), then
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following reverse of Young inequality
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. (6)

We also consider Kantorovich’s ratio defined by

K(h) :=
(h+1)2

4h
, h > 0.

The function K is decreasing on (0,1) and increasing on [1,+∞), K(h) ≥ 1

for any h > 0 and K(h) = K
(

1
h

)
for any h > 0.

The following inequality is given in [13]. Let δ ∈ [0,1] and Φ,Ψ > 0.
Then

(1−δ )Φ+δΨ≤ Kγ(L)Φ1−δ
Ψ

δ , (7)

where 0 < L−1 ≤ Φ

Ψ
≤ L < ∞, L > 1 and γ = max{1−δ ,δ}.

The following inequality is given in [13]. Let δ ∈ [0,1] and Φ,Ψ > 0. Then

(1−δ )Φ+δΨ≤max{Kγ(l),Kγ(L)}Φ
1−δ

Ψ
δ , (8)

where 0 < l−1 ≤ Φ

Ψ
≤ L < ∞, for some L, l > 0 with Ll > 1 and γ = max{1−δ ,δ}.

In this paper, it is assumed that all considerable integrals exist and are finite.

Main Results. Now, we give an extension of reverse Callebaut’s inequality on
time scales. Throughout the section, we assume that neither f ≡ 0 nor g≡ 0.

T h e o r e m 1. Let w, f ,g ∈ C ([t1, t2]T,R) be �α -integrable functions.
Let δ ∈ [0,1]. Then the following inequalities hold true:
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where β = min{1−δ ,δ} and γ = max{1−δ ,δ}.

P ro o f. Let Φ(ς) =
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If we multiply inequality (10) by |g(ς)|2|g(τ)|2, for any ς ,τ ∈ [t1, t2]T,
then we get
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Multiplying (11) by |w(ς)| and integrating with respect to ς from t1 to t2,

we obtain



98 MUHAMMAD JIBRIL SHAHAB SAHIR
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Again, multiplying (12) by |w(τ)| and integrating with respect to τ from
t1 to t2, we obtain the desired inequality (9).

In the following, we give another extension of reverse Callebaut’s inequality on
time scales.

T h e o r e m 2. Let w, f ,g ∈ C ([t1, t2]T,R) be �α -integrable functions.

Assume further that 0 < m ≤ | f (ς)|
|g(ς)|

≤ M < ∞ on the set [t1, t2]T. Let δ ∈ [0,1].
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where γ = max{1−δ ,δ}.
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P ro o f. For any ς ,τ ∈ [t1, t2]T, it is clear that
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Again, multiplying (16) by |w(τ)| and integrating with respect to τ from
t1 to t2, we obtain the desired inequality (13).

Now, we give an extension of reverse Cauchy–Schwarz’s inequality on time
scales.

C o r o l l a r y 1. Let w, f ,g ∈ C ([t1, t2]T,R) be �α -integrable functions.

Assume further that 0 < m≤ | f (ς)|
|g(ς)|
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P ro o f. Put δ =
1
2

in Theorem 2 and hence the result is obvious.

R e m a r k 1. We have the following:
(i) Let α = 1, T = Z, t1 = 1, t2 = η + 1, f (k) = fk > 0, g(k) = gk > 0 and

w(k) = wk ≥ 0 for any k ∈ {1,2, . . . ,η} with
η

∑
k=1

wk = 1. Then inequality (9) reduces

to inequality (1).
(ii) Let α = 1, T = Z, t1 = 1, t2 = η + 1, f (k) = fk > 0, g(k) = gk > 0 and

w(k) = wk ≥ 0 for any k ∈ {1,2, . . . ,η} with
η

∑
k=1

wk = 1. Then inequality (13) reduces

to inequality (2).

Now, we give an extension of reverse Rogers–Hölder’s dynamic inequality.

T h e o r e m 3. Let w, f ,g ∈ C ([t1, t2]T,R) be �α -integrable functions.
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where β = min
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}
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}
.
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P ro o f. Let δ =
1
q

,
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|w(ς)|| f (ς)|p
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and Ψ(ς) =
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−2
|w(ς)|| f (ς)|

p
2 |g(ς)|

q
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Integrating (19) with respect to ς from t1 to t2, we obtain the desired
inequality (18).

R e m a r k 2. Let α = 1, T=Z, t1 = 1, t2 =η+1, f (k)= fk > 0, g(k)= gk > 0

and w(k) = wk ≥ 0 for any k ∈ {1,2, . . . ,η} with
η

∑
k=1

wk = 1. Then inequality (18)

reduces to inequality (3).

Now, we give another extension of reverse Rogers–Hölder’s inequality on time
scales.

T h e o r e m 4. Let w, f ,g∈C ([t1, t2]T,R) be �α -integrable functions satisfying
t2∫

t1

|w(ς)| �α ς = 1. Assume further that 0 < m ≤ | f (ς)| ≤ M < ∞ and

0 < n ≤ |g(ς)| ≤ N < ∞ on the set [t1, t2]T. Let
1
p
+

1
q
= 1 with p > 1. Then the

following inequalities hold true:

0≤

 t2∫
t1

|w(ς)|| f (ς)|p �α ς

 1
p
 t2∫

t1

|w(ς)||g(ς)|q �α ς

 1
q

−
t2∫

t1

|w(ς)|| f (ς)g(ς)| �α ς

≤ γ

(
max

{(
M
m

) p
2

,

(
N
n

) q
2
}
−min

{(m
M

) p
2
,
( n

N

) q
2
})2

×

 t2∫
t1

|w(ς)|| f (ς)|p �α ς

 1
p
 t2∫

t1

|w(ς)||g(ς)|q �α ς

 1
q

,

(20)

where γ = max
{

1
p
,
1
q

}
.

P ro o f. Using the given conditions, for all ς ∈ [t1, t2]T, we have
mp ≤ | f (ς)|p ≤Mp and nq ≤ |g(ς)|q ≤ Nq,

which imply that (m
M

)p
≤ | f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς

≤
(

M
m

)p

and ( n
N

)q
≤ |g(ς)|q

t2∫
t1

|w(ς)||g(ς)|q �α ς

≤
(

N
n

)q

.
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Therefore,

min
{(m

M

)p
,
( n

N

)q}
≤ | f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς

,

|g(ς)|q
t2∫

t1

|w(ς)||g(ς)|q �α ς

≤max
{(

M
m

)p

,

(
N
n

)q}
.

(21)

Using the inequality (6) for δ =
1
q

,

Φ(ς) =
| f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς

, Ψ(ς) =
|g(ς)|q

t2∫
t1

|w(ς)||g(ς)|q �α ς

,

we get
1
p
· | f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς

+
1
q
· |g(ς)|q

t2∫
t1

|w(ς)||g(ς)|q �α ς

− | f (ς)g(ς)| t2∫
t1

|w(ς)|| f (ς)|p �α ς

 1
p
 t2∫

t1

|w(ς)||g(ς)|q �α ς

 1
q

≤ γ

(
max

{(
M
m

) p
2

,

(
N
n

) q
2
}
−min

{(m
M

) p
2
,
( n

N

) q
2
})2

.

(22)

Multiplying (22) by |w(ς)| and integrating with respect to ς from t1 to t2, we obtain

1−

t2∫
t1

|w(ς)|| f (ς)g(ς)| �α ς

 t2∫
t1

|w(ς)|| f (ς)|p �α ς

 1
p
 t2∫

t1

|w(ς)||g(ς)|q �α ς

 1
q

≤ γ

(
max

{(
M
m

) p
2

,

(
N
n

) q
2
}
−min

{(m
M

) p
2
,
( n

N

) q
2
})2

.

(23)

This completes the proof of Theorem 4.
Next, we give an extension of reverse Cauchy–Schwarz’s inequality on time

scales.
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C o r o l l a r y 2. Let w, f ,g ∈C ([t1, t2]T,R) be �α -integrable functions satisfy-

ing
t2∫

t1

|w(ς)| �α ς = 1. Assume further that 0 < m ≤ | f (ς)| ≤M < ∞ and 0 < n ≤

|g(ς)| ≤ N < ∞ on the set [t1, t2]T. Then the following inequalities hold true:

0≤

 t2∫
t1

|w(ς)|| f (ς)|2 �α ς

 1
2
 t2∫

t1

|w(ς)||g(ς)|2 �α ς

 1
2

−
t2∫

t1

|w(ς)|| f (ς)g(ς)| �α ς

≤ 1
2

(
max

{
M
m
,
N
n

}
−min

{m
M
,

n
N

})2

×

 t2∫
t1

|w(ς)|| f (ς)|2 �α ς

 1
2
 t2∫

t1

|w(ς)||g(ς)|2 �α ς

 1
2

.

(24)

P ro o f. Take p = q = 2 in Theorem 4 and the result is obvious.

R e m a r k 3. Let α = 1, T = Z, t1 = 1, t2 = η + 1, f (k) = fk > 0,
g(k) = gk > 0 and w(k) = wk ≥ 0 for any k ∈ {1,2, . . . ,η}. Then inequality (20)
reduces to inequality [8]

0≤

(
η

∑
k=1

wk f p
k

) 1
p
(

η

∑
k=1

wkgq
k

) 1
q

−
η

∑
k=1

wk fkgk

≤ γ

max

{(
M
m

) p
2

,

(
N
n

) q
2
}
−min

(m
M

) p
2 ,
( n

N

)q
2


2

×

(
η

∑
k=1

wk f p
k

) 1
p
(

η

∑
k=1

wkgq
k

) 1
q

(25)

and inequality (24) reduces to inequality [8]

0≤

(
η

∑
k=1

wk f 2
k

) 1
2
(

η

∑
k=1

wkg2
k

) 1
2

−
η

∑
k=1

wk fkgk

≤ 1
2

(
max

{
M
m
,
N
n

}
−min

{m
M
,

n
N

})2
(

η

∑
k=1

wk f 2
k

) 1
2
(

η

∑
k=1

wkg2
k

) 1
2

.

(26)

Now, we give another extension of reverse Rogers–Hölder’s inequality on time
scales.

T h e o r e m 5. Let w, f ,g∈C ([t1, t2]T,R) be �α -integrable functions satisfying
t2∫

t1

|w(ς)| �α ς = 1. Assume further that 0 < m ≤ | f (ς)| ≤ M < ∞ and
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0 < n ≤ |g(ς)| ≤ N < ∞ on the set [t1, t2]T. Let
1
p
+

1
q
= 1 with p > 1. Then the

following inequality holds true: t2∫
t1

|w(ς)|| f (ς)|p �α ς

 1
p
 t2∫

t1

|w(ς)||g(ς)|q �α ς

 1
q

≤ Kγ

((
M
m

)p(N
n

)q) t2∫
t1

|w(ς)|| f (ς)g(ς)| �α ς ,

(27)

where γ = max
{

1
p
,
1
q

}
.

P ro o f. Using the given conditions, for all ς ∈ [t1, t2]T, we have

mp ≤ | f (ς)|p ≤Mp and nq ≤ |g(ς)|q ≤ Nq,

which imply that (m
M

)p
≤ | f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς

≤
(

M
m

)p

(28)

and ( n
N

)q
≤ |g(ς)|q

t2∫
t1

|w(ς)||g(ς)|q �α ς

≤
(

N
n

)q

. (29)

Therefore,

[(
M
m

)p(N
n

)q]−1

≤


|w(ς)|| f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς





t2∫
t1

|w(ς)||g(ς)|q �α ς

|w(ς)||g(ς)|q


≤
(

M
m

)p(N
n

)q

.

(30)

Using the inequality (7) for δ =
1
q

,

Φ(ς)=
|w(ς)|| f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς

, Ψ(ς)=
|w(ς)||g(ς)|q

t2∫
t1

|w(ς)||g(ς)|q �α ς

and L=

(
M
m

)p(N
n

)q

,



106 MUHAMMAD JIBRIL SHAHAB SAHIR

we get
1
p
· |w(ς)|| f (ς)|p

t2∫
t1

|w(ς)|| f (ς)|p �α ς

+
1
q
· |w(ς)||g(ς)|q

t2∫
t1

|w(ς)||g(ς)|q �α ς

≤ Kγ(L)
|w(ς)|| f (ς)g(ς)| t2∫

t1

|w(ς)|| f (ς)|p �α ς

 1
p
 t2∫

t1

|w(ς)||g(ς)|q �α ς

 1
q
.

(31)

Integrating (31) with respect to ς from t1 to t2, we obtain

1≤ Kγ(L)

t2∫
t1

|w(ς)|| f (ς)g(ς)| �α ς

 t2∫
t1

|w(ς)|| f (ς)|p �α ς

 1
p
 t2∫

t1

|w(ς)||g(ς)|q �α ς

 1
q
. (32)

This completes the proof of Theorem 5.

Next, we give an extension of reverse Cauchy–Schwarz’s inequality on time
scales.

C o r o l l a r y 3. Let w, f ,g ∈C ([t1, t2]T,R) be �α -integrable functions satisfy-

ing
t2∫

t1

|w(ς)| �α ς = 1. Assume further that 0 < m ≤ | f (ς)| ≤M < ∞ and 0 < n ≤

|g(ς)| ≤ N < ∞ on the set [t1, t2]T. Then the following inequality holds true: t2∫
t1

|w(ς)|| f (ς)|2 �α ς

 1
2
 t2∫

t1

|w(ς)||g(ς)|2 �α ς

 1
2

≤ K
1
2

((
MN
mn

)2
) t2∫

t1

|w(ς)|| f (ς)g(ς)| �α ς .

(33)

P ro o f. Take p = q = 2 in Theorem 5 and the result is obvious.

R e m a r k 4. Let α = 1, T = Z, t1 = 1, t2 = η + 1, f (k) = fk > 0,
g(k) = gk > 0 and w(k) = wk ≥ 0 for any k ∈ {1,2, . . . ,η}. Then inequality (27)
reduces to inequality [13]

(
η

∑
k=1

wk f p
k

)1
p
(

η

∑
k=1

wkgq
k

)1
q
≤ Kγ

((
M
m

)p(N
n

)q) η

∑
k=1

wk fkgk, (34)
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and, in particular, inequality (33) reduces to inequality(
η

∑
k=1

wk f 2
k

) 1
2
(

η

∑
k=1

wkg2
k

) 1
2

≤ K
1
2

((
MN
mn

)2
)

η

∑
k=1

wk fkgk. (35)

Now, we give another extension of reverse Rogers–Hölder’s dynamic inequality.

T h e o r e m 6. Let w,u1,u2, f ,g ∈ C ([t1, t2]T,R) be �α -integrable functions.
Assume further that 0 < m≤ | f (ς)| ≤M < ∞ and 0 < n≤ |g(ς)| ≤ N < ∞ on the set

[t1, t2]T. Let
1
p
+

1
q
= 1 with p > 1. Then the following inequalities hold true: t2∫

t1

|w(ς)||u1(ς) f (ς)| �α ς

 t2∫
t1

|w(ς)||u2(ς)g(ς)| �α ς



≤ 1
p

 t2∫
t1

|w(ς)||u1(ς)|| f (ς)|p �α ς

 t2∫
t1

|w(ς)||u2(ς)| �α ς



+
1
q

 t2∫
t1

|w(ς)||u1(ς)| �α ς

 t2∫
t1

|w(ς)||u2(ς)||g(ς)|q �α ς


≤max

{
Kγ

(
Nq

mp

)
,Kγ

(
Mp

nq

)}

×

 t2∫
t1

|w(ς)||u1(ς) f (ς)| �α ς

 t2∫
t1

|w(ς)||u2(ς)g(ς)| �α ς

 ,

(36)

where γ = max
{

1
p
,
1
q

}
.

P ro o f. For any ς ,τ ∈ [t1, t2]T, it is clear that
mp

Nq ≤
| f (ς)|p

|g(τ)|q
≤ Mp

nq . (37)

Let
δ =

1
q
, Φ(ς) = | f (ς)|p, Ψ(τ) = |g(τ)|q

for any ς ,τ ∈ [t1, t2]T, l =
Nq

mp and L =
Mp

nq . Then using inequalities (4) and (8),
respectively, we have

| f (ς)||g(τ)| ≤ 1
p
| f (ς)|p + 1

q
|g(τ)|q

≤max
{

Kγ

(
Nq

mp

)
,Kγ

(
Mp

nq

)}
| f (ς)||g(τ)|.

(38)
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Multiplying by |w(ς)||u1(ς)| and integrating (38) with respect to ς from t1 to
t2, we obtain  t2∫

t1

|w(ς)||u1(ς) f (ς)| �α ς

 |g(τ)|
≤ 1

p

 t2∫
t1

|w(ς)||u1(ς)|| f (ς)|p �α ς

+
1
q

 t2∫
t1

|w(ς)||u1(ς)| �α ς

 |g(τ)|q

≤max
{

Kγ

(
Nq

mp

)
,Kγ

(
Mp

nq

)} t2∫
t1

|w(ς)||u1(ς) f (ς)| �α ς

 |g(τ)|.
(39)

Multiplying by |w(τ)||u2(τ)| and integrating (39) with respect to τ from t1 to
t2, we obtain the desired inequality (36).

Received 07.02.2025
Reviewed 17.10.2025
Accepted 25.10.2025

R E F E R E N C E S

1. Hilger S. Ein Maßkettenkalkül mit Anwendung auf Zentrumsmannigfaltigkeiten.
Ph.D. Thesis. Universität Würzburg (1988).

2. Sahir M.J.S. Consonancy of Dynamic Inequalities Correlated on Time Scale Calculus.
Tamkang Journal of Mathematics 51 (2020), 233–243.
https://doi.org/10.5556/j.tkjm.51.2020.3145

3. Sahir M.J.S. Reconciliation of Discrete and Continuous Versions of Some Dynamic
Inequalities Synthesized on Time Scale Calculus. Communications in Mathematics
28 (2020), 277–287.
https://doi.org/10.2478/cm-2020-0023

4. Sahir M.J.S. Patterns of Time Scale Dynamic Inequalities Settled by Kantorovich’s Ratio.
Jordan Journal of Mathematics and Statistics (JJMS) 14 (2021), 397–410.
https://doi.org/10.47013/14.3.1

5. Sahir M.J.S. Coordination of Classical and Dynamic Inequalities Complying on Time
Scales. Eur. J. Math. Anal. 3 (2023), Article 12.
https://doi.org/10.28924/ada/ma.3.12

6. Bohner M., Peterson A. Dynamic Equations on Time Scales. MA, Boston, Birkhäuser
Boston, Inc. (2001).

7. Bohner M., Peterson A. Advances in Dynamic Equations on Time Scales. MA, Boston,
Birkhäuser Boston, Inc. (2003).

8. Dragomir S.S. Some Results for Isotonic Functionals via an Inequality Due to Kittaneh
and Manasrah. Fasciculi Mathematici 59 (2017), 29–42.
https://doi.org/10.1515/fascmath-2017-0015

9. Agarwal R.P., O’Regan D., Saker S.H. Dynamic Inequalities on Time Scales. Switzerland,
Cham, Springer International Publishing (2014).

https://doi.org/10.5556/j.tkjm.51.2020.3145
https://doi.org/10.2478/cm-2020-0023
https://doi.org/10.47013/14.3.1
https://doi.org/10.28924/ada/ma.3.12
https://doi.org/10.1515/fascmath-2017-0015


COMPLEMENTS OF CLASSICAL AND DYNAMIC INEQUALITIES. . . 109

10. Sheng Q., Fadag M., Henderson J., Davis J.M. An Exploration of Combined Dynamic
Derivatives on Time Scales and Their Applications. Nonlinear Anal. Real World Appl. 7
(2006), 395–413.
https://doi.org/10.1016/j.nonrwa.2005.03.008

11. Kittaneh F., Manasrah Y. Improved Young and Heinz Inequalities for Matrices. J. Math.
Anal. Appl. 361 (2010), 262–269.
https://doi.org/10.1016/j.jmaa.2009.08.059

12. Kittaneh F., Manasrah Y. Reverse Young and Heinz Inequalities for Matrices. Linear
Multilinear Algebra 59 (2011), 1031–1037.
https://api.semanticscholar.org/CorpusID:119892717

13. Dragomir S.S. Some Results for Isotonic Functionals via an Inequality Due to Liao, Wu
and Zhao. RGMIA Res. Rep. Coll. 18 (2015), 11.
https://doi.org/10.1515/fascmath-2017-0015

MOWHAMMAD JIBRIL 
AHAB SAHIR
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