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In this work, stochastic approximation methods based on finite differences
are investigated for the problem of minimizing quasiconvex functions.

The main result of this work is the derivation of convergence rate estimates
for stochastic finite-difference methods in the case of quasiconvex functions.

The obtained results significantly extend the applicability of stochastic
finite-difference methods to nonsmooth quasiconvex optimization problems
and provide a rigorous justification for their use in black-box settings, where the
oracle returns only function values.
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Introduction. In this study, stochastic approximation techniques based on
finite-difference estimators are analyzed for solving minimization problems involving
quasiconvex objective functions. Classical approaches to convex optimization
typically assume access to exact gradients or stochastic subgradients. In many practical
applications, however, only function value information is available.

To address this setting, we consider stochastic quasi-gradient methods that
employ randomized finite-difference approximations. In particular, batch two-point
schemes are investigated, which produce unbiased estimates of the gradient of a
suitably smoothed version of the objective function.

The main contribution of this work is the derivation of convergence rate
bounds for stochastic finite-difference algorithms in the case of quasiconvex functions.

It is shown that the expected optimality gap decreases at the rate O
(

1√
k

)
.
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Finite-difference Stochastic Approximation. The study of quasiconvex
functions has been an active area of research in mathematical optimization for several
decades [1–4]. A substantial body of work is devoted to the analysis and solution
of quasiconvex optimization problems. In particular, [4] was the first to propose
an iterative method, the Normalized Gradient Descent (NGD) method, and to
establish that it attains an ε-approximate solution within a finite number of itera-
tions for differentiable quasiconvex functions.

In large-scale optimization problems, exact gradients or subgradients are
often unavailable or expensive to compute. In such settings, stochastic gradients
are frequently employed and have been widely used for solving both convex and
nonconvex optimization problems [5].

However, constructing reliable stochastic gradient estimators is itself a nontrivial
task. As a practical alternative, gradients are often approximated using finite-difference
schemes, which enable efficient derivative-free optimization while retaining favorable
convergence properties.

Finite-difference methods for the minimization of nonsmooth Lipschitz
functions were initially proposed by A.M. Gupal in the article [6] and subsequently
developed in his book [3].

The following notation are used throughout the paper:
• (x,y) denotes the scalar product of vectors x,y ∈ Rn.

• E
[
ξ

]
denotes the mathematical expectation (expected value) of a random

variable ξ .

• E
[
ξ |x
]

denotes the conditional expectation of ξ given x.

• f ′(x) denotes the gradient of f at the point x.
• Bδ (x) denotes the closed ball of radius δ centered at the point x.
Consider the general optimization problem:

f (x)→min, x ∈ Rn. (1)

The sequence xk is generated by the following recurrence relation:

xk+1 = xk−ρkgk, (2)

where vector gk is chosen according to one of the following finite-difference stochastic
approximations:

gk = n
f (xk +αkuk)− f (xk−αkuk)

2αk
uk. (3)

Here, {uk}k≥0 is a sequence of independent random vectors, where each uk
is either uniformly distributed on the unit sphere Sn−1 or follows the standard Gaussian
distribution N(0, In).

This scheme is referred to as the two-point randomized finite-difference method
[7]. By employing the aforementioned two-point finite-difference scheme, the authors
in [7] analyze the sequence {xk} generated by (2) for a strongly convex function f
and establish quantitative estimates for its convergence rate.
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We note that the definition of strong convexity was first introduced
by B.T. Polyak in his paper [8].

Now consider the problem (1) in the case, where the objective function f
is strongly quasiconvex.

Most likely, the definition of a strongly quasi-convex function was given
by Jovanović in his works [9, 10].

D e f i n i t i o n. [10]. A function f is said to be strongly quasiconvex on the
convex set Ω, if there exists µ > 0 such that for all x,y ∈Ω and all λ ∈ [0,1] we have

f (λx+(1−λ )y)≤max{ f (x), f (y)}−µλ (1−λ )‖x− y‖2.

In [11], it is shown that a continuous and strongly quasiconvex function has a
unique global minimizer over the entire space. We will denote it by x∗.

Let us provide an example of a function that is strongly quasi-convex, but not
convex. Consider the function

f (x) =−x2− x, x ∈ [0,1].

First compute the derivatives:

f ′(x) =−2x−1, f ′′(x) =−2.

Since
f ′′(x) =−2 < 0 for all x,

the function is concave and therefore not convex.
Next we show that the function is strongly quasi-convex on [0,1].
Recall that a differentiable function f is called µ-strongly quasi-convex if there

exists µ > 0 such that for all x,y

f (y)≤ f (x)⇒ f ′(x)(y− x)≤−µ(y− x)2.

Observe that

f ′(x) =−2x−1 < 0 ∀x ∈ [0,1],

hence f is strictly decreasing on [0,1]. Therefore

f (y)≤ f (x) ⇒ y≥ x.

Now compute
f ′(x)(y− x) = (−2x−1)(y− x).

Since x ∈ [0,1], we have

−2x−1≤−1.

Hence
f ′(x)(y− x)≤−(y− x).

Because x,y ∈ [0,1], we also have

0≤ y− x≤ 1,

which implies
−(y− x)≤−(y− x)2.
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Thus
f ′(x)(y− x)≤−(y− x)2.

Therefore the strong quasi-convexity condition holds with µ = 1, i.e.
f ′(x)(y− x)≤−1 · (y− x)2.

Hence the function f (x) = −x2 − x is 1-strongly quasi-convex on [0,1],
while it is not convex since f ′′(x)< 0.

Let f be a function that is Lipschitz continuous with constant L f on the set
M+B1(0), where M is a certain compact set. Define the function f (x,α) as follows:

f (x,α) = Eu∼B1(0)

[
f (x+αu)

]
=

1
Vol(B1(0))

∫
‖u‖≤1

f (x+αu)du.

The following results holds:
1)

| f (x,α)− f (x)| ≤ L f α ∀x ∈M. (4)

2) The function f (x,λ ) is differentiable (see [11], Lemma 2.6). By
differentiating this function and applying Stokes’ theorem, we obtain:

f ′(x,α) =
n
α
Eu∼Sn−1

[
f (x+αu)u

]
.

Therefore
f ′(x,α) =− n

α
Eu∼Sn−1

[
f (x−αu)u

]
.

By adding these two equations, we obtain

f ′(x,α) =
n

2α
Eu∼Sn−1

[(
f (x+αu)− f (x−αu)

)
u
]
,

‖ f ′(x,α)‖ ≤ nL f ∀x ∈M.

(5)

From this representation, it follows that the vector gk is a stochastic gradient of
the function f (x,α) at iteration k. Since, according to the first point, this function is
a smooth approximation of f , the vector gk is often referred to in the literature as a
stochastic quasi-gradient.

Finite-difference Stochastic Schemes for Minimizing a Strongly Quasicon-
vex Non-differentiable Function on Rn: Convergence Rate. As already mentioned
in the introduction, in many practical problems the gradient of the objective function
is not directly available, and only function values can be accessed. In such cases, a
widely used approach in the literature is to approximate the subgradient by means of
the randomized two-point estimator gk. For the class of smooth and strongly convex
function Yu. Nesterov [7] established the following convergence rate (in expected
function value) theorem.

T h e o r e m 1. Let f : Rn→ R be a strongly convex function and with Lipschitz
gradient. Consider the stochastic gradient-free method:

xk+1 = xk−ρkgk,

where uk ∼N(0, In), ρk = 1/k, αk = 1/
√

k and gk is given by (3). Then

E[ f (xk)]− f (x∗) = O
(

lnk
k

)
.
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In the proof of the next main theorem we will need the following important
property of locally Lipschitz and strongly quasiconvex functions.

P r o p o s i t i o n . [12]. Let f : Rn→ R be strongly quasiconvex function with
module µ > 0 and locally Lipschitz-continuous. Then, for all x ∈ Rn, one has

µ

2
‖x− x∗‖2 ≤ (v,x− x∗), v ∈ ∂ f (x),

where ∂ f (x) is Clarke subdifferential.
The Clarke subdifferential of a Lipschitz function f at the point x is defined as

∂ f (x) = {v ∈ Rn : f o(x,h)≥ (v,h) ∀h ∈ Rn},

where

f o(x,h) = limsup
λ→0, y→x

f (y+λh)− f (y)
λ

.

We consider the following iterative minimization procedure for a locally
Lipschitz function f , as proposed by Nurminskii in [13]:

xk+1 =

{
xk−ρkgk, f (xk)≤ f (x0)+ c,
x0, f (xk)> f (x0)+ c,

(6)

where x0 is the initial approximation, c is a positive constant, and the vector gk is
iteratively updated following the finite-difference scheme by formula (3).

Denote M = {x ∈ Rn : f (x)≤ f (x0)+ c.} In [1] it is proven that the level sets
of a strongly quasiconvex and continuous function are compact. Therefore, M is a
convex compact set.

The following convergence theorem holds:

T h e o r e m 2. Let the following assumptions hold:
1) f (x) is strongly quasiconvex with modulus µ and locally Lipchitz continuous

on Rn.

2) We minimize f over the entire space using scheme (6), choosing the
parameters

ρk =
1
k
, αk =

1√
k
.

Then

E[‖xk− x∗‖2 = O
(

1√
k

)
.

The proof of the Theorem requires the following two lemmas.

L e m m a 1. [14]. Let (Fk), k ≥ 0, be a filtration, and let

{Xk}, {Ak}, {Bk}

be sequences of nonnegative, Fk-adapted random variables satisfying the following
conditions:
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1) E
[
Xk+1 | Fk

]
≤ Xk−Ak +Bk, k ≥ 0; .

2)
∞

∑
k=1

Bk < ∞ (almost surely);

3) Xk ≥ 0, k ≥ 0.

Then Xk converges almost surely to a finite limit, and
∞

∑
k=1

Ak < ∞.

R e m a r k. This statement remains valid if the condition requiring Xk to be
nonnegative is replaced by the assumption that it is bounded from below. Indeed,
suppose a lower bound is known

Xk ≥ m ∀k.

Let us introduce
Zk := Xk−m.

Then, if there was already an inequality for the original variable, substituting
gives the same type of inequality for Zk. Consequently,

Zk→ Z∞ almost surely,

and therefore
Xk = Zk +m→ Z∞ +m almost surely.

L e m m a 2. The sequence {xk} leaves the set

M = {x ∈ Rn : f (x)≤ f (x0)+ c}

only finitely many times with probability one and that the sequence f (xk) converges
almost surely.

P ro o f. It is known [3] (Lemma 2.3, p. 36) that the gradient of the function
f (x,α) is Lipschitz on the set M, with a Lipschitz constant Lα = D/α,
where D is some constant. Therefore,

f (xk+1,αk)≤ f (xk,αk)−ρk( f ′(xk,αk),gk)+
Lαk

2
ρ

2
k ‖gk‖2.

Let us take the conditional mathematical expectation of both sides; taking into
account (5), we obtain

E
[

f (xk+1,αk) | xk]≤ f (xk,αk)−ρk‖ f ′(xk,αk)‖2 +
Dn2L2

f ρ
2
k

2αk
.

Let us bring this inequality into the form of the Robbins lemma. We have

E
[

f (xk+1,αk+1) | xk]= E
[

f (xk+1,αk) | xk]+E
[

f (xk+1,αk+1)− f (xk+1,αk) | xk]
≤ f (xk+1,αk)+L f |αk+1−αk|.

Thus, in this particular case, the Robbins–Siegmund inequality takes the
following form:

E
[
Xk+1 | Fk

]
≤ Xk−Ak +C1

1
k
√

k
,
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where
Ak = ρk‖ f ′(xk,αk)‖2, Xk ≡ f (xk,αk),

and C1 is some constant.
With respect to the variable Xk, the Robbins–Siegmund lemma can be applied,

as it is bounded from below on the convex compact set M.
Now we consider the case when xk+1 = x0. If f (xk)> f (x0)+c, then xk+1 = x0

and
Xk+1 = f (x0,αk+1)≤ f (x0)+L f αk+1.

On the other hand,

Xk = f (xk,αk)≥ f (xk)−L f αk > f (x0)+ c−L f αk.

Thus
Xk+1−Xk ≤−c+L f (αk +αk+1).

Let the sequence {Xk} be defined by Xk = f (xk,αk) with αk = k−1/2.
Suppose the following bound holds in the no-reset case:

E[Xk+1 | Fk]≤ Xk−ρk‖ f ′(xk,αk)‖2 +
C

k3/2 ,

and in the reset case:
Xk+1 ≤ Xk− c+L f (αk +αk+1).

Define the Robbins–Siegmund terms as follows:
If no reset occurs:

Ak = ρk‖ f ′(xk,αk)‖2, Bk =
C

k3/2 .

If reset occurs:

Ak = max{0, c−L f (αk +αk+1)},
Bk = max{0, L f (αk +αk+1)− c}.

Then
E[Xk+1 | Fk]≤ Xk−Ak +Bk

with Ak ≥ 0, Bk ≥ 0, and ∑
∞
k=1 Bk < ∞, where Fk = {x1,x2, . . . ,xk}.

If the number of returns were infinite, then there exists a subsequence such
that

Xk j = f (xk j ,αk j)> f (x0)+ c−L f αk j

and
Xk j+1 = f (x0,αk j+1)≤ f (x0)+L f αk j+1.

Since Xk→ X∞, it follows that

Xk j → X∞ and Xk j+1→ X∞.

However,
f (x0)+ c≤ X∞ ≤ f (x0),
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which is a contradiction. Therefore, the sequence leaves the set M only finitely many
times.

It follows from the Robbins–Siegmund lemma that the sequence f (xk,αk)
converges almost surely. Since

| f (xk,αk)− f (xk)| ≤ L f αk→ 0,

it follows from inequality (4). Hence f (xk) converges almost surely.
Now, let us consider the case of strongly quasi-convex functions.

Proof Theorem 2. We have

f ′(x,α) = Eu∼B1(0))[v(x+αu)],

where v : M→ Rn is any measurable function such that

v(x) ∈ ∂ f (x) for all x ∈M,

with ∂ f (x) denoting the Clarke subdifferential of f .
Indeed, since f is locally Lipschitz, by Rademacher’s theorem it is differentiable

a.e.; denote the set of differentiability by D, with |Dc|= 0. Moreover, ‖ f ′(x)‖ ≤ L f

a.e.
For any h ∈ Rn,

f (x+ th,α)− f (x,α)

t
= Eu∼B1(0)

[
f (x+ th+αu)− f (x+αu)

t

]
.

For a.e. u such that x+αu ∈ D, we have

lim
t→0

f (x+ th+αu)− f (x+αu)
t

= ( f ′(x+αu),h).

Moreover, ∣∣∣∣ f (x+ th+αu)− f (x+αu)
t

∣∣∣∣≤ L f ‖h‖,

so by dominated convergence,

lim
t→0

f (x+ th,α)− f (x,α)

t
= Eu∼B1(0)

[
( f ′(x+αu),h)].

Thus
f ′(x,α) = Eu∼B1(0)[ f

′(x+αu)].

Since f ′(x)∈ ∂ f (x) for a.e. x, and ∂ f (x) is nonempty, convex, compact-valued,
there exists a measurable selection v(x) ∈ ∂ f (x) such that

v(x) = f ′(x) a.e.

Hence
f ′(x+αu,α) = v(x+αu) a.e. in u,

which implies
Eu∼B1(0)[ f

′(x+αu)] = Eu∼B1(0)[v(x+αu)].

Therefore,
f ′(x,α) = Eu∼B1(0)[v(x+αu)].
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By Proposition, we also have
µ

2
‖x− x∗‖2 ≤ (v,x− x∗), v ∈ ∂ f (x) ∀x ∈ Rn.

It follows that

( f ′(x,α),x− x∗)≥ µ

2
Eu∼B1(0)

[
‖x+αu− x∗‖2

]
−αEu∼B1(0)

[
(v(x+αu),u)

]

≥ µ

2
‖x− x∗‖2 +

µ

2
α

2−αL f ,

(7)

where L f ≥ ‖v‖, v ∈ ∂ f (x), x ∈M+B1(0).
Since, according to Lemma 2, the sequence {xk} leaves the set M only a

finite number of times, starting from some index k0, we can estimate the difference
‖xk− x∗‖2 as follows:

‖xk+1− x∗‖2 = ‖xk− x∗‖2−2ρk(gk,xk− x∗)+ρ
2
k ‖gk‖2, k ≥ k0.

From this, we obtain

E
[
‖xk+1− x∗‖2

]
≤ E

[
‖xk− x∗‖2

]
−2ρk

(
µ

2
‖xk− x∗‖2 +

µ

2
α

2
k −αkL f

)
+ρ

2
k E
[
‖gk‖2

]
.

Substituting ρk,αk,mk, there exists a constant R > 0 such that

E
[
‖xk+1− x∗‖2

]
≤
(

1− 1
k

)
E
[
‖xk− x∗‖2

]
+

R
k
√

k
.

Define ak = E
[
‖xk− x∗‖2

]
. Then

ak+1 ≤
(

1− 1
k

)
ak +

R
k3/2 .

Multiplying both sides by k and defining bk = (k−1)ak, we get

bk+1 ≤ bk +
R√
k
.

Summing from k = 1 to T gives

bT+1 ≤ b1 +R
T

∑
j=1

1√
j
≤ 2R

√
T +b1.

Therefore,

aT+1 ≤
2R√

T
= O

( 1√
T

)
.

Hence, we obtain

E
[
‖xk− x∗‖2

]
= O

( 1√
k

)
.

�
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Conclusion. Stochastic finite-difference methods were studied for minimizing
quasiconvex functions when only function values are available. Using randomized
two-point estimators, unbiased approximations of the gradient of a smoothed objective
were constructed. It was shown that the expected optimality gap decreases at the rate

O
(

1√
k

)
.
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VERJAVOR TARBERAKAN STOXASTIK SXEMANER`

OW	E� QVAZIOW�OWCIK O� DIFERENCELI FOWNKCIAYI

MINIMIZACIAYI HAMAR Rn TARA
OW�YOWNOWM:

NOWRMINSKOW ME�OD�

A�xatanqowm owsowmnasirvowm en stoxastik motarkman me�odner`

himnva� verjavor tarberow�yownneri vra` ow�e� qvaziow�owcik fownkcia-

neri minimizacman xndri hamar:

A�xatanqi himnakan ardyownq� handisanowm � verjavor tarberow-

�yownneri stoxastik me�odneri zowgamitow�yan aragow�yan gnahata-

kanneri stacowm� qvaziow�owcik fownkcianeri depqowm:

Stacva� ardyownqner� �akanoren �ndlaynowm en verjavor tarberow-

�yownneri stoxastik me�odneri kira�man olort� o� o�ork qvaziow�owcik

�ptimizaciayi xndirnerowm` apahovelov algori�mi xist himnavorowmn

ayn depqerowm, erb �rakowlin hasaneli � miayn s ark�i informacian:

Р. А. ХАЧАТРЯН, З. Б. ОГАНИСЯН

СТОХАСТИЧЕСКИЕ СХЕМЫ КОНЕЧНЫХ РАЗНОСТЕЙ
ДЛЯ МИНИМИЗАЦИИ СИЛЬНО КВАЗИВЫПУКЛОЙ

НЕДИФФЕРЕНЦИРУЕМОЙ ФУНКЦИИ НА Rn:
МЕТОД НУРМИНСКОГО

В данной работе исследуются методы стохастического приближения
на основе конечных разностей для задачи минимизации сильно квази-
выпуклых функций.

Основным результатом работы является вывод оценок скорости
сходимости для стохастических методов конечных разностей в случае
квазивыпуклых функций.

Полученные результаты существенно расширяют область применения
стохастических методов конечных разностей к негладким задачам квази-
выпуклой оптимизации, обеспечивают строгое обоснование алгоритма в
случаях, когда оракулу доступна только информация черного ящика.


