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In this work, stochastic approximation methods based on finite differences
are investigated for the problem of minimizing quasiconvex functions.

The main result of this work is the derivation of convergence rate estimates
for stochastic finite-difference methods in the case of quasiconvex functions.

The obtained results significantly extend the applicability of stochastic
finite-difference methods to nonsmooth quasiconvex optimization problems
and provide a rigorous justification for their use in black-box settings, where the
oracle returns only function values.
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Introduction. In this study, stochastic approximation techniques based on
finite-difference estimators are analyzed for solving minimization problems involving
quasiconvex objective functions. Classical approaches to convex optimization
typically assume access to exact gradients or stochastic subgradients. In many practical
applications, however, only function value information is available.

To address this setting, we consider stochastic quasi-gradient methods that
employ randomized finite-difference approximations. In particular, batch two-point
schemes are investigated, which produce unbiased estimates of the gradient of a
suitably smoothed version of the objective function.

The main contribution of this work is the derivation of convergence rate
bounds for stochastic finite-difference algorithms in the case of quasiconvex functions.

1
It is shown that the expected optimality gap decreases at the rate O <> .
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Finite-difference Stochastic Approximation. The study of quasiconvex
functions has been an active area of research in mathematical optimization for several
decades [1-4]. A substantial body of work is devoted to the analysis and solution
of quasiconvex optimization problems. In particular, [4] was the first to propose
an iterative method, the Normalized Gradient Descent (NGD) method, and to
establish that it attains an €-approximate solution within a finite number of itera-
tions for differentiable quasiconvex functions.

In large-scale optimization problems, exact gradients or subgradients are
often unavailable or expensive to compute. In such settings, stochastic gradients
are frequently employed and have been widely used for solving both convex and
nonconvex optimization problems [5].

However, constructing reliable stochastic gradient estimators is itself a nontrivial
task. As a practical alternative, gradients are often approximated using finite-difference
schemes, which enable efficient derivative-free optimization while retaining favorable
convergence properties.

Finite-difference methods for the minimization of nonsmooth Lipschitz
functions were initially proposed by A.M. Gupal in the article [6] and subsequently
developed in his book [3].

The following notation are used throughout the paper:

e (x,y) denotes the scalar product of vectors x,y € R”".

o E [f} denotes the mathematical expectation (expected value) of a random
variable &.
o E {fj \x} denotes the conditional expectation of £ given x.

e f'(x) denotes the gradient of f at the point x.
e Bg(x) denotes the closed ball of radius 6 centered at the point x.
Consider the general optimization problem:

f(x) = min, x € R". €))
The sequence x* is generated by the following recurrence relation:
=i —pigt, @)

where vector g¥ is chosen according to one of the following finite-difference stochastic
approximations:

g nf(xk + akuk)z_ S (o — oy, 0. 3)
O

Here, {ux}r>0 is a sequence of independent random vectors, where each uy
is either uniformly distributed on the unit sphere S"~! or follows the standard Gaussian
distribution N(0,1,).

This scheme is referred to as the two-point randomized finite-difference method
[7]. By employing the aforementioned two-point finite-difference scheme, the authors
in [7] analyze the sequence {x;} generated by (2) for a strongly convex function f
and establish quantitative estimates for its convergence rate.
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We note that the definition of strong convexity was first introduced
by B.T. Polyak in his paper [8].

Now consider the problem (1) in the case, where the objective function f
is strongly quasiconvex.

Most likely, the definition of a strongly quasi-convex function was given
by Jovanovi¢ in his works [9, 10].

Definition. [/0]. A function f is said to be strongly quasiconvex on the
convex set Q, if there exists L > 0 such that for all x,y € Q and all A € |0, 1] we have

FAx+(1=2)y) < max{f(x), f(y)} = pA(1=2)[x—y|.

In [11], it is shown that a continuous and strongly quasiconvex function has a
unique global minimizer over the entire space. We will denote it by x*.

Let us provide an example of a function that is strongly quasi-convex, but not
convex. Consider the function

flx) = —x*—x, x€[0,1].
First compute the derivatives:
flx)=-2x—1, f(x)=-2.
Since

f'(x)=-2<0 forallx,

the function is concave and therefore not convex.

Next we show that the function is strongly quasi-convex on [0, 1].

Recall that a differentiable function f is called u-strongly quasi-convex if there
exists 4 > 0 such that for all x,y

FO)Sf0) = F@)y=x) < —ply—x)*
Observe that
fx)=-2x—1<0  VYxelo,1],
hence f is strictly decreasing on [0, 1]. Therefore
fO)<fx) = yzx
Now compute
fE)—x)=(-2x=1)(y—x).

Since x € [0, 1], we have

—2x—1< 1.
Hence

f@h-x)<-(-x).

Because x,y € [0, 1], we also have

0<y—x<1,

which implies
~(y—x) < —(y—x).
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Thus
f@)=x) < —(y—x7>
Therefore the strong quasi-convexity condition holds with it =1, i.e.

fEO—x)<-1-(-x>
Hence the function f(x) = —x?> —x is I-strongly quasi-convex on [0, 1],
while it is not convex since f”(x) < 0.
Let f be a function that is Lipschitz continuous with constant Ly on the set

M+ B;(0), where M is a certain compact set. Define the function f(x, o) as follows:

1
f(x,a) :EMNBI(O) |:f(.x+ au>:| = W / f(.x+ Otu)du.
[Jul| <1
The following results holds:
1)
[f(r0) = f(O)] < Lo vx e M. 4)

2) The function f(x,A) is differentiable (see [!1], Lemma 2.6). By
differentiating this function and applying Stokes’ theorem, we obtain:

flx,a)= gEuNSH [f(x+ au)u}.
Therefore "
flx,a)= —aEuNsn—l {f(x - Om)u] .
By adding these two equations, we obtain

fx, o) = %Euwsm [(f(x+ ou)— f(x— au))u} ,
(&)

|l f'(x,@)|| <nLy Vxe M.
From this representation, it follows that the vector g¥ is a stochastic gradient of
the function f(x, c) at iteration k. Since, according to the first point, this function is
a smooth approximation of f, the vector g¥ is often referred to in the literature as a

stochastic quasi-gradient.

Finite-difference Stochastic Schemes for Minimizing a Strongly Quasicon-
vex Non-differentiable Function on R": Convergence Rate. As already mentioned
in the introduction, in many practical problems the gradient of the objective function
is not directly available, and only function values can be accessed. In such cases, a
widely used approach in the literature is to approximate the subgradient by means of
the randomized two-point estimator g*. For the class of smooth and strongly convex
function Yu. Nesterov [7] established the following convergence rate (in expected
function value) theorem.

Theorem 1. Let f:R" — R be a strongly convex function and with Lipschitz
gradient. Consider the stochastic gradient-free method:
K v
where uy, ~ N(0,1,), px = 1/k, o4 = 1/\/k and g* is given by (3). Then

Bl - ) =0 (5 )
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In the proof of the next main theorem we will need the following important
property of locally Lipschitz and strongly quasiconvex functions.

Proposition. [/2]. Let f:R" — R be strongly quasiconvex function with
module 1 > 0 and locally Lipschitz-continuous. Then, for all x € R", one has

=P < x—x"), veE 2f (x),
where d f(x) is Clarke subdifferential.
The Clarke subdifferential of a Lipschitz function f at the point x is defined as
df(x)={veR": f’(x,h) > (v,h) Vhe R"},

where

fO+Ah)—f(y)
Z .

f°(x,h) = limsup
A—0, y—x
We consider the following iterative minimization procedure for a locally
Lipschitz function f, as proposed by Nurminskii in [13]:
g [E om0 e ©
2, FO) > f) +c,
where x° is the initial approximation, ¢ is a positive constant, and the vector g is
iteratively updated following the finite-difference scheme by formula (3).
Denote M = {x € R": f(x) < f(x°) +¢.} In [1] it is proven that the level sets
of a strongly quasiconvex and continuous function are compact. Therefore, M is a
convex compact set.
The following convergence theorem holds:

Theorem 2. Let the following assumptions hold:

1) f(x) is strongly quasiconvex with modulus 1 and locally Lipchitz continuous
onR".

2)  We minimize f over the entire space using scheme (6), choosing the
parameters

1 1

Then

Bl -2 =0 (7).

The proof of the Theorem requires the following two lemmas.
Lemma 1. [/4]. Let (F), k > 0, be a filtration, and let

{X}, {Ar}, {Bi}

be sequences of nonnegative, F-adapted random variables satisfying the following
conditions:
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1) BE[Xi1 | Fi] <Xi—Ax+ By, k>0;.

oo

2) Z By < o (almost surely);
k=1
3) X >0, k>0.

Then X converges almost surely to a finite limit, and ZAk < oo,
k=1
Remark. This statement remains valid if the condition requiring Xy, to be

nonnegative is replaced by the assumption that it is bounded from below. Indeed,
suppose a lower bound is known

Xk >m Vk.
Let us introduce
Zk = Xk —m.
Then, if there was already an inequality for the original variable, substituting
gives the same type of inequality for Zy. Consequently,
Ly — 2w almost surely,

and therefore
Xk =Zy+m— Ze+m almost surely.

Lemma 2. The sequence {x*} leaves the set
M={xcR": f(x) < f(x°) +c}

only finitely many times with probability one and that the sequence f(x*) converges
almost surely.

Proof. Itis known [3] (Lemma 2.3, p. 36) that the gradient of the function
f(x,o) is Lipschitz on the set M, with a Lipschitz constant L, = D/«
where D is some constant. Therefore,

PO ) < £ ) = e/ (8 ), €9) + 2 pRl g

Let us take the conditional mathematical expectation of both sides; taking into
account (5), we obtain
27242
Dn prk
20 )

B[ o) [ 6] < FO5 o) = pudl £/ (5, ) |1 +
Let us bring this inequality into the form of the Robbins lemma. We have
B[/ ogepn) [ ] = B[, 00) [ ] + B[ o) = f(H ) | 1]
< O o)+ Lylogeyr — ogl.

Thus, in this particular case, the Robbins—Siegmund inequality takes the
following form:

1
E X1 | Fa] < Xi—Ax +Clk7\/];7
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where
A= pellf 5 o) 1P Xe= £ o),

and C| is some constant.

With respect to the variable X, the Robbins—Siegmund lemma can be applied,
as it is bounded from below on the convex compact set M.

Now we consider the case when X1 = x0. If f(x*) > f(x%) +c, then (1 =0
and

Xer1 = F(0, 01) < F(O) + Lyoges .
On the other hand,
Xy = f(F ) > F(5) — Loy > f(3°) + e —Lyay.
Thus
Xip1 =X < —c+Lp(og + 04pr).

Let the sequence {X;} be defined by X; = f(x*,oq) with o = k~1/2.
Suppose the following bound holds in the no-reset case:
C
E[Xis1 | Fa] < Xi— pellf/ (65, o) |2 + B
and in the reset case:
Xip1 S X —c+Lp(0g + Ogy1)-

Define the Robbins—Siegmund terms as follows:
If no reset occurs:

C
A= pull @ e Py Be= o

If reset occurs:
Ar =max{0,c—Le(ot+ 1)},
By = max{0, L(0y + 0g41) —c}.
Then
E[Xks1 | Fa] <Xk —Ax + Bi

with Ay >0, By >0, and Y5 | By < o0, where F; = {x!,x?,... x*}.

If the number of returns were infinite, then there exists a subsequence such
that

ij = f(xkj, Otkj) > f(xo) +c —LfOij
and
Xi1 = (0, 00,11) < FO°) +Lyog 1.
Since X; — X*, it follows that
ij — X”  and Xk_,—&-l — X”.

However,
FO0) +e <X < f(x0),
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which is a contradiction. Therefore, the sequence leaves the set M only finitely many
times.
It follows from the Robbins—Siegmund lemma that the sequence f(x*, o)
converges almost surely. Since
FO ) = F(F)] < Loy = 0,

it follows from inequality (4). Hence f(x*) converges almost surely.
Now, let us consider the case of strongly quasi-convex functions.

Proof Theorem 2. We have

f/(xa (X) = ELINB] 0)) {V(X‘f‘ (Xl/t)],
where v : M — R" is any measurable function such that
v(x) € df(x) forallxe M,
with d f(x) denoting the Clarke subdifferential of f.
Indeed, since f is locally Lipschitz, by Rademacher’s theorem it is differentiable
a.e.; denote the set of differentiability by D, with |D¢| = 0. Moreover, || f'(x)| < Ly

a.e.
For any h € R”,

f(x+th7a) —f(x,Ol)
; = E,,(0)
For a.e. u such that x + au € D, we have
limf(x—Hh—i-OCu) — f(x+ou)
t—0 t
Moreover,

fx+th+au)— f(x+ o)
t

= (f'(x+au),h).

fx+th+au) — f(x+ au)
t

SLf”hHa

so by dominated convergence,

i £ 10) = 5.0

= IlEuwBl(O) [(f/(X+ au),h)].
Thus
I, 00) = By, (o) Lf (x+ o).

Since f'(x) € d f(x) for a.e. x, and d f(x) is nonempty, convex, compact-valued,
there exists a measurable selection v(x) € d f(x) such that

v(x)=f'(x) ae.
Hence
fx+au,a) =v(x+au) ae.inu,
which implies
B 0)lf (x+ ou)] = E,p, ) [v(x + au)].

Therefore,
f/(x¢ (X) = IEuwBl(O) [V(x+ (XM)].
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By Proposition, we also have
%Hx—x*”z < (mx—x"), vedf(x) VreR"
It follows that
(5, 0), 3= 5) 2 S B 0 I 0 = 2°112] = Oy | v+ 000,
(7
> L le—x P+ St - aL,

where Ly > ||[v||, v € df(x), x € M+ B (0).

Since, according to Lemma 2, the sequence {x} leaves the set M only a
finite number of times, starting from some index ky, we can estimate the difference
[|lx% — x*||? as follows:

=2 = [ =P = 2pn (88,4 = ) + pEIEE 1%, k> ko
From this, we obtain
B[ = 2] SB[l = 17] =20 (S 14 =212+ S 0 — auly)
+P2E|llg"|)-
Substituting py, 0, my, there exists a constant R > 0 such that

Bt 1] < (1- ) -] +

Define gy = E [ka —x* Hz} . Then
< 1 R
i1 < 1—% ak—i—w.
Multiplying both sides by k and defining by = (k — 1)ay, we get
R
by < b+ —=.

vk

Summing from k= 1to T gives
T
1
bryit <bi+RY, —= <2RVT +bi.
=V

Therefore,

ar+1 < \2/1; = 0(\/17>

).

Hence, we obtain

E[|l¢ %2 = o

Sl=
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Conclusion. Stochastic finite-difference methods were studied for minimizing
quasiconvex functions when only function values are available. Using randomized
two-point estimators, unbiased approximations of the gradient of a smoothed objective
were constructed. It was shown that the expected optimality gap decreases at the rate

1
ol — ).
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0 W US,r3uy, 9. £ NSAUMNULLPUSUL

JErud NN SUCAEMTUUTL USAuUShU UlubU LB
NFFBN. LIUQPNFANFSRU N2 HhDIELELSELD HNFLUSHUSH
UhLPUDQUSHUSH SUUUN R” SUMUCNFE8NFULAFU:
LAFPUPLUUNE UBENYL

Whiwpubpnid niumibwuhpymyd G0 uypnuwugphy dngquupiwt dkpnnbtp
hhdtjwd Ytipewynp puppbipnipynibbtiph ypw' ndtn pjughninnighly $niayghw-
otiph dhthihqugdwb pubnph hwdwp:

Whuiunpwtiph hhdbww wprynibpp hwinhuwtmd £ yepownp qpupptinne-
pybbtph upnuwuyphy dtpnnbtph gniquihpnipjut wpugnipub qhuhwgnpu-
Jubbtph wpugnuip pjughninmghly $nbjghwbtiph ntiypnid:

Unpugyuwd wpnynbpbtipp bmutnptb pnjuwytnud &b ytpewynp qpuppbipni-
pynibbtiph wpnfuwuphy dtpnnbtph Yhpuedwb ninpyip ng nnnply pyuqhninmghly
oupphihqughwyh fuinhptipnd” wywhnytiny wignphpuh fuhuyp hhutwynpmdt
wyb nhypbpnud, tpp opwynyht hwuwbtih £ dhwyd ult wpynh hddnpiwghwie:

P. A. XAHYATPAH, 3. b. OTAHUCHAH

CTOXACTUYECKME CXEMBI KOHEYHBIX PABHOCTEN
JJId MUHIMUN3AIINN CUJTBHO KBA3SUBBITYKJION
HEJIUO®OEPEHIIMPYEMOI ®YHKIIINI HA R”:
METO HYPMMHCKOI'O

B nannoit pabore ncCaeayroTCs METOJIBI CTOXACTUIECKOTO TPUOTNKEHUS
Ha OCHOBE KOHEYHBIX PA3HOCTEN I 3aJa9l MUHUMHU3AIUA CUJIBHO KBa3U-
BBIITYKJIBIX (DYHKIIHIA.

OCHOBHBIM PE3YJIBTATOM PabOTHI SIBJISIETCS] BBIBOJ, OIEHOK CKOPOCTHU
CXOJJUMOCTH JUISI CTOXaCTUYECKHX METOJ0B KOHEYHBIX pa3HOCTell B ciydae
KBA3UBBIYKJIBIX (PYHKITUI.

[Tonydennbre pe3ysibTaThl CYIIECTBEHHO PACIIUPSIOT 00IaCTh IPUMEHEHU s
CTOXaCTUYECKUX METOJIOB KOHEYHBIX PAa3HOCTEeN K HEIVIQJIKUM 3aJadaM KBa3H-
BBIIIYKJION ONTHUMU3AINN, 0DECIIEYNBAIOT CTPOroe ODOCHOBAaHUE AJTOPUTMA B
Caydasix, KOrJa Opaky/Iy JOCTYIHA TOJbKO HH(MOPMAIMS Y€PHOTO SITUKA.



