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ON THE SOLUTIONS OF SOME DIFFERENTIAL EQUATIONS
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The paper studies differential equations of fractional order of the form
D"y(z)+2y(z)= f(z) in the complex domain, where p >1, A is an arbitrary

parameter, D"” is the Riemann-Liouville differential operator. For functions of
some classes Cauchy type problems are considered.
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§ 1. Preliminaries. Let f (x) be an arbitrary function from the class

X

L(0,1), 0<I<+w. The function D™ f(x)= I(x—t)a_lf(t)dt is called

I'(a)y
the Riemann—Liouville integral of order a, & € (0,+0), of function f(x), and for
. a _ d ~(-a) . . . .
o €(0,1] the function D* f(x) =d_D f(x) is called the Riemann—Liouville
x

derivative of order o of function f(x).

It is known that in all Lebesgue points of f(x), limOD"“f(x)zf(x)
(and hence, almost everywhere) and, therefore, [D'“ f (x)] L= (x) and
D'f(x)=1"(x).
1

Let a€[0,1), —=1-a (p=1),xe(0,7). The operators D’ f(x)= f(x),
p

D" f(x)= diD-“ f(x),.. D" f(x)= D""D" VP f(x), n=2, are called
X

Riemann-Liouville operators of successive differentiation of order n/p of

function f (x) For more information on Riemann—Liouville operators see [1]
(ch. IX) and [2] (§ 2).

*

E-mail: maneat@rambler.ru



30 Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2010, Ne 3, p. 29-34.

We introduce some notations. Following M.M. Djrbashian we denote
A p:{z;|Argz|<2l,0<|z|< oo}, this domain is evidently many-sheeted for
ol

0<p<1/2 and is arranged on the Riemann supface G, of the function Lnz.
H(p) is the class of functions f(z) that are analytic in the domain A ,. Let us

agree to denote (0; /(p))={z; argz=9,0<|z|</<+0}, —7<p<7.

Let o €[0,1), l=1—0: (p=1), f(z) be an arbitrary function ofa
o

complex variable and ‘f(re"p)‘eL(O;l(q))),HMS 7,0<r<ow, The function
1
I'(a)j

intercept connecting points 0 and z, arg(z—&)*" =(a—1)argz, is called the
Riemann-Liouville integral of order « of function f(z), and the function

D™ f(z) (z—é)a_lf(é)dé, where integration is taken along the

D" f(z)= diD'“ f(z) is called the Riemann—Liouville derivative of order 1/ p
z
of function f(z).
The operators D"’ f(z)= f(z), D"’ f(z)= diD-a f(2),...D"*" f(2) =
z

=D""D" V7 f(z), n>2, are called Riemann-Liouville operators of successive
differentiation of order n/ p of the function f(z).
Function of Mittag—Leffler type is an entire function of the form
& z
=2, I(u+np™)
u ([1], chap. VL, § 1).
For any u >0, a >0 the following formula holds (see [1], ch. III (1.16)):

F(la) [z=&)"E, (A& &M dE =" "B, (Az" s p+ ), z = e,
0

n

(p>0) of order p with arbitrary value of parameter

(1.1)

E=1e”,0<r<r<l<+0, —T<@<T,
A is an arbitrary parameter.
§ 2. Main Results.
Theorem 2.1. Let a€[0,1), 1/p=1-a (p=1), A is an arbitrary

parameter. Then in the class of functions ‘ y(rei"’)‘eL(O;l((o)),
‘D'“ y(rei"’)‘ e L(0;/(p)) the following problem of Cauchy type
DY y(2)+2y(2) =0, 2.1

D™y(z)],_,=0 (2.2)
has a unique solution
y(z)=0. (2.3)
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Proof. We note that for z=x e (0;+o) the similar problem is considered in

the work [3] (see (3.4")— (3.5")). It is obvious that y(z)=0 is a solution of problem
(2.1)-(2.2). We show that the solution (2.3) is unique. We note that

D"Py(z)= d D"“y(z) =-2y(z), since D"“y(z)|,,=0, then

D_ay(z):—ljy(é)dé:—lD_ly(Z), E=1e", z=re". (2.4)
0

Using the properties of fractional integrals and derivatives, from (2.4) we get that
1
y(z)==AD*D'y(z)=—AD ?y(z) (almost everywhere). (2.5)
Using properties of fractional integrals from (2.5) we conclude that for any P>1
the following identities also hold:

W@ =(-2)'D Py =P f(z-¢)"

dE =
s CRIRGIE .

ipP o
p

e T TR iy T
_F(P/p)i(re"’ re“’)ﬂ y( )“’dr F(P/p) { 7) ( "’)dr.
From (2.6) for P> pwe get
(11/ |}“|
I'(P/p)

max y(re"")‘< ”y re ‘dr 2.7

0<r<l

But since ‘y(rei‘”)‘eL(O;l((o)) as P—oo, then from (2.7) follows the

statement of Theorem, i.e. y(z)=0.

Theorem 2.2. Let a€[0,1), l:1—05 (p=1), 2 is an arbitrary
p

parameter. Then the function

y(z;l):ep(z;l)EEp(—ﬂ,zl/p;l/p)zp , (2.8)

is the solution of the following Cauchy type problem:
D" y(2)+ 2y(2) =0, 2.9)
D™ %y(z)],,=1. (2.10)

Proof. We note that for z =x e (0;+o) the Theorem 2.2 is true (see [2, 3]).

By the definition of operator D"? we have D"*y(z;1)= diD"“y(z;l), where
z

z

D y(zA)=—— j EA)dE =
o 2.11)

__ 1t a-l lp. = N I ()
—mo(z—é) Ep(—lé ,l/p)é” dé(z-re ,E=te )
Using the formula (1.1), from (2.11) we get
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Dy(z;4)=E, (—Az””;l). (2.12)

1

But it can be easily proved that —Z{Ep (—ﬂzl/p;l)} =-2E, (_izl/p;l/p)zp ,

NI

and hence
1
“
Dl/py(z;ﬂ,) = diD_ay(z;l) =-AE, (—lzl/p;l / p)z” =-2y(z;4),
/4
ie. D"Py(z;A)+Ay(2;4)=0 and Dy (z;1)|.,=1.

Now we show that the solution (2.8) is unique. We suppose that the problem
(2.9)~(2.10) has another solution j(z;1). We put y*(z;1)=y(z4)-3(z:4).
Then it can be easily seen that the function y*(z;l) is a solution of the problem
(2.1)~2.2), consequently y*(z;4)=0,ie. y(z14)=7(z;1).

Theorem 2.2 is proved.

Theorem 2.3. Let a€01), I/p=1-a (p=1), A is an arbitrary

parameter, f(z)€H(p), f(re”)e L(0;/(p)).
Then the function

Ie A)f(E)dE, z=re?, & =1e?, (2.13)
Ly
where e, (z:1)=E (—lz” P/ p)zp is the solution of the following Cauchy
type problem:
D" y(2)+2y(2) = [ (2), (2.14)
Dy(2) . ,=0. (2.15)
Proof. Let z=re", E=1e%, & =1€%, 0<1 <r<r<l<+w. By the
definition of operator D™ we have:

z

Doy(sa)=— (= —e:)“‘ldéfep(é—;;z)f(;)dz;=

I'(a)y
:ﬁ’(,ﬂew _reicp)a- ttpdrj‘e ( ‘[ ,[1) ﬂ)f(‘rlei(p)ei(pd‘[l _
0
- e;j((:;) ;(r_z_)a—l d‘[.:[ep (ei(p (r—‘[l);l)f(‘[le"p)dfl = (2.16)
= e}‘fi«:;) ei[P_lj‘pl(r_z_)a—l driep(r—rl;l*)f(flei“’)drl _
(e e (=22 ) (e
= [‘(a)o : o 1> 1 1»

. . i —1
where 1% = 1¢'?P), ep(e"”(r—rl);l)ze[p j(pep(r—rlgﬂu"‘).
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Weput f(r,e®)=U,(r,)+i¥, (7)),

ip r o T
lzml(“f) dfiep(f—fl;/l*)Uq,(rl)drl, 2.17)
I, = Iie(z):[(r—z-)a—l dz-iep (z' -5 *)V(p (Tl)dfp 2.18)

In the formulas (2.17), (2.18), by changing the order of integration and using
the formula (1.1), we get

ei"’ n a-1 B ei(p " P a-1
[1Em£(r—r) dr{ep(r—rl;l*)U(p(rl)drl=%£U¢(Tl)df1£(’”_f) ep(T_Tl;/l*)dT:

U (8)d [ ((r=5)=v)" e (w52 =0 (1), (205 1)
0 0

(2.19)
and
I, =ie IV (1)) E ( —A*(r- rl) l)drl. (2.20)
Moreover, according to (2.19), (2.20), from (2.16) we obtain
Dy(zA)=1+1,= eilep (—l*(r—rl)l/p ;l)f(rlei‘”)drl. (2.21)

Now using the formula (2.21), we will have
d d| ; i d
2 pey(ait) = o, (-2 "1 s |2 -

f(rlei"’ )ah'1 =

|-

R R

1
L}

= f(z)—ﬂei(w/p)jEp (_lei((p/p) (r_z_l)l/p ;1/p)(r—rl)p f(‘[lei‘p)d(‘[lei“’) _
0

-1

|-

r

:f(z)—lIEp(—l(re -7, ) 1/p)( _Tle"‘/’) f(Tlei‘p)d(rlei“’):

= /()= A, (-a(z=6) 311 p): ey f(e)de -

=f(z lje —&3A)f(&)at = f(2)-Ay(z4),

ie. Dl/py(z;l)+ly(z;l)zf(z) and D™*y(z;1)|,_,=0.

Now we show, that the solution is unique. We suppose that the problem
(2.14)—(2.15) has another solution j(z;1). We put y*(z;4) = y(z;4)—j(z;2).

It can be easily proved that y*(z;l) is the solution of the problem (2.1)-
(2.2). But, according to Theorem 2.1, we have y*(z;1)=0, i.e. y(z;4)=3(z;4).
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Theorem 2.3 is proved.

Theorem 2.4. Let a€[0,1), l=1—0: (p=1), 2 is an arbitrary
P

parameter, f(z)e H(p), f(re”)e L(0;/(¢)).
Then the function
y(zA)= ae, (z:4)+ Iep (z=&A)f(E)dE, z=re®, E=1e", (2.22)
0
is the solution of the following Cauchy type problem:
D" y(2)+2y(2) = f(2), (2.23)

D™ y(2) |.-o=a,. (2.24)
Proof. We note that from of the Theorems (2.2)«(2.3) we have

(D”p +i)ep(z;l)50, and (D”p +l)@ep(z—§;l)f(§)d§jEf(z).

It is easy to see, that D “y(z;1)|__,=a,.

Consequently, the function (2.22) is a solution of the problem (2.23)-(2.24).
Now we show that the solution is unique.

Let the function j(z;4) is a solution of the problem (2.23)~(2.24).

We put  y*(z;4)=y(z;4)—-3(z34). It is easy to see that the function
y*(z;2) is the solution of the problem (2.1)~(2.2). Consequently, y*(z;1)=0,
ie. y(z4)=3(z4).

Theorem (2.4) is proved.
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R. 2. Uwhwljjul

iy pu nhpnypenud Ymnnpuljuyht uipgh npng nhpptughuy
hwjuwuwupmuubtph (nidnidubph dwupt
U  wphwwnwbpnid phunwpyynud B Ynduybpu nppnypend
D"y(z)+Ay(z)=f(z), wbuph Ynunpwhuyht  Yupgh  ghdkpkughuy
hwuwuwpnidubp, nputn p >1, A -b judwjulw wupudbnp k, D'P -t (thuwb-

Lhnwhth ghdbpbughwy owbkpuinnph k' Npnp nuuh $nitiljghwbbph hwdwp
nhunwplynid b jnisynid kt YUnphh wnhwh fughptkp:

B. A. Caaksan.

O pelleHHsIX HeKOTOPBIX AU depeHIHAIbHBIX YPABHEHHIi JPOOHOI 0 NOPSAKA B
KOMILIEKCHOIi 00/1acTH

B pabote B KOMIIJIEKCHOW 00JIaCTH paccMaTpUBAIOTCS YpaBHEHUS IPOOHOr0
nopsaka suga D'y(z)+Ay(z)=f(z),tne p=1, A — npousBoNbHBIA napa-

merp, D"? — nuddepenmmansupii onepatop Pumana—Jluysumis. s (yHKIuit
HEKOTOPBIX KJIACCOB PACCMATPHUBAIOTCS M PelIaloTcs 3a1auu Tuna Kommu.



