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Preliminaries. Let H be a separable Hilbert space. We will denote by
BL(H ) the Banach algebra of all bounded linear operators acting in the space H ,

and let J_ be the ideal of all compact operators acting in H . For operator
AeBL(H) we will denote by | 4| the unique nonnegative square root of the opera-
4

implies the compactness of remaining two operators. Let 4eJ_ . As |A| is com-

tor A"A. It is obvious that the compactness of one of the operators A4, A A,

pact, self-adjoint and nonnegative, its nonzero eigenvalues can be rearranged in
decreasing order. We will denote by s,(4) the j-th eigenvalue of the operator ||

(note that each eigenvalue is counted with multiplicity). Numbers s, (A) are called

the singular numbers of the operator 4 (see [1, 2]). For p e [l,oo) we will denote

by J, the set of all operators AeJ,, satisfying to the condition Zsf (A) <00,
j=
Then the formula

1
X p
b, | S5r ) 0
=
defines a norm in J, and with respect to this norm J, is a separable Banach
space. J, is also two-sided ideal of BL(H) and has the following property of

symmetry: for 4€J, we have A e J, and ‘A*

= ||A||p (see [1]). Clearly, all the
P

propositions about J, (1 <p< oo) are true also for J . Elements of J, are called

nuclear operators.
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Let’s note also the following property of ideals J,: if 4deJ, (1 <p< oo)

and BeJ where l-i-l—l then AB,BAe J,.
p g

Now we will give the definition and some properties of the trace of a nuclear
operator. Let A€ J, and {e,} be an orthonormal (finite or countable) base of the

space H . Then the series )" (4e,,e,) converges, and its sum does not depend on a

choice of the orthonormal base {en} . This sum is called (matrix) trace of operator
A and is denoted by tr(A).If AeJ,, BeBL(H) and AB,BAe J,, then
tr(AB)=tr(BA). )
The norm of J, and the trace are connected by the following relation (see
[3D:
|42 =tw(4"4) (4eJ,). 3)
The Formula of Traces. We will establish a relation, connecting norms of

commutators AB—BA and AB —B'A.
Theorem. If one of the bounded linear operators A, B, acting in Hilbert

space H , is nuclear, then the following equality holds:
2 2 * * * *
| 4B - Bl -| =t (44~ 44')(B'B-BB")]. @)
Proof.  First notice, that by the conditions of the Theorem operators

AB—-BA and AB"—B'A are nuclear, and since for 1<r<s<o the following
inclusion J, < J, is true, the left part of (4) is well-defined. We will denote

p=|aB-BAf~[aB" - B A +ul (44~ 44')(B B-B5)].
In view of (3), we have
p= tr[(AB—BA)*(AB—BA)]—tr[(AB* ~B'4) (48’ —B*A)}r
+tr[(A*A ~44°)(B'B~ BB*)] = (B4 4B)~tr(B"4'BA) -
—tr(A*B*AB) + tr(A*B*BA) - tr(BA*AB*) + tr(BA*B*A) + tr(A*BAB*) -
—tr(A*BB*A) + tr(A*AB*B) —tr (A*ABB*) - tr(AA*B*B) + tr(AA*BB*)
or
pz[tr(B*A*AB ~tr(4"4BB’ ] [tr 4'B'BA) tr(AA*B*B)}r
+[tr(BA*B*A) tr( 4B AB ]J{tr A'BAB")~1(B'4 BA)J
+[tr(A*AB*B)—tr(BA AB )]+[tr(AA BB )—tr(A*BB*A)]

According to (2), the expressions, standing in the square brackets, are equal
to zero, and consequently p =0, i.e. (4) is true.

The Theorem is proved.
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Remark 1. The steps in the proof of the Theorem show, that the
statement of the Theorem remains true, if instead of nuclearity of operators
4 or B we assume, that one of these operators belongsto J,, and another to

J,, where 1< p<oo and l+l:1.
r 9
Remark 2. The formula (4) generalizes the similar formula for the square
matrices, established by J. Neumann (see [4, 5]). If in the conditions of the Theo-
rem one of operators A, B is normal, then the commutability of 4, B implies the

commutability of 4,B". This fact for square matrices has been noticed by Neu-

mann, who has raised the question about its possible generalisations. In 1950 Fug-
lede, Putnam and Rosenblum have shown that this statement is true for normal op-

erators from algebra BL(H ) (see [6]). This result of Fuglede, Putnam and Rosen-

blum, which goes back to Neumann, has far-reaching generalizations, which can be
found in works [7, 8].

The author thanks professor M. 1. Karakhanyan for the formulation of the
problem and useful discussions of results.

Received 21.04.2010

REFERENCES

1. Gohbergl.C., Krein M.G. Introduction to the Theory of Linear Nonself-Adjoint Operators.
M.: Nauka, 1965 (in Russian).

2. Gohbergl., Goldberg S., Kaashoek M. Classes of Linear Operators. V.1. Birkhauser, 1990.

Reed M., Simon B. Methods of Modern Mathematical Physics. V. 1. Functional Analysis.

New York: Academic Press, 1972.

Neumann J. Port. Math., 1942, v. 3, p. 1-62.

Neumann J. Selected Works on Functional Analysis. M.: Nauka, 1987 (in Russian).

Rudin W. Functional Analysis. New Y ork: McGraw-Hill Book Company, 1973.

Karakhanyan ML.I. Journal of Contemporary Mathematical Analysis, 2007, Ne 3, p. 44-50.

Karakhanyan M.I. Functional Analysis and Its Applications, 2005, v. 39, Ne4, p. 311-313.

had

X NN R



Proc. of the Yerevan State Univ. Phys. and Mathem. Sci., 2010, Ne 3, p. 68—70.

2. U. Uuwnnpjul
Zkwptnh dh pubwdlih dwuht
Q. Ulgdwuh Ynnuhg pwnwyniuughtt dwwnphgubph hwdwp uwnwugdus
htwnpkph Uvh putiwdl pinhwtpugynid k vhgnijughti oujbpuninnpibph hudwip:
I'. A. Acarpsn.
006 onHoii popmyie ciienoB

Onna dopmyna cienos, ycranoBieHHas Jx. HelimanoMm Juis KBajpaTHBIX
MaTpull, 0000IaeTCs JUIS SJIEPHBIX OIEPaTOPOB.



