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HexoTopoe paBeHCTBO B MHOr00Gpa3HH NOYrpPynn Ha3KBACTCA CBEPXTOXECTBOM, €C/IH
NpH MONCTAaHOBKE B (DYHKUHOHA/IBHBIE CHMBO/IN 3TOTO PABEHCTBa JTIOGOMO TepMa HAHHOrO
MHOrooGpasns Mbl NOJTy4HM TOXAeCTBA.COOTBETCTBEHHO, HEKOTOPOE PABEHCTBO B MMOr005-
Pa3NH NOYrpynn BAa3biBACTCA NPEACBEPXTOXACCTBOM, €C/IH NPH NOACTAHOBKE B (DyHKUMO-
HaNbHbie CHMBOJIbi 3TOTO PaBEHCTBA JIOGOMO TEpMa TaHHOrO MHOMOO0GpasHs, HCK/IOVas Tep-
MBI TPOCKIMH, MBI NOJTyurM ToXxaecTsa.B atoft paSore Guin HaliaeHn! KPHTEPHH BLINIOSTHH-
MOCTH CBEPXTOXACCTB H NMPEACBEPXTOXIECTB JieBOA H Npapoft QHCTPHOYTHBHOCTEH pa3siHy-
HBIX PaHroB.

OcHosuble MOHATHA. BBegeM HEKOTOpble OCHOBHbiE MOHATHA, HCMOJIb3yEMbIE B
atoit padore [1-2].

PaBencrBo t=t' , rae t, t— TEpMBI HEKOTOPOrO THMA T, HAABIBAETCH CBEPXTOXAECT-
BOM B MPOH3BOJTbHOIl anredpe A, ecsiM npH NOACTaHOBKE JIOOOro TepMa 3Toit anred-
pbl Mbl NOJTy4aeM TOX/AECTBA.

PaBencreo t=t’, rae t, '~ TEpMbl HEKOTOPOro THNA T, HA3BIRAETCS MpPEACBEPXTOXK-
HEeCTBOM B NPOH3BOJIbHOK anrebpe A, ecaH NpH MOACTaHOBKE JIHOGOro TepMa 3TOM
anre6pbl, 32 HCKJIIOUEHHEM TEPMOB NPOEKLHH, MBI I0/1yYaeM TOXIECTBA,

PaBencTBo t=t’, rge t, ' — TepMB HEKOTOPOro THMA T, ABJIAETCA CBEPXTOXAECTBOM
(NpeCBEPXTOXAECTBOM ) B HEKOTOPOM MHOrO0Opa3HH MOJIyrpYNN, €CJIM OHO — CBEPX-
TOXAECTBO ( NPeACBEPXTOXAECTBO) B KaXKA0H MOJIyrpynne 3Toro MHOroodpasus.

CuMBOJIbI paBeHCTBa t=t’ Ha3bIBAtOTCA (DYHKLUMOHAIbHBIMH NEPEMEHHBIMH,a HX KO-
JIHYECTBO Ha3bIBAETCSI PAHIOM PaBEHCTBA.

OueBHaHO, UTO KaX/10€ CBEPXTOXAECTBO TAKXKE ABJISAETCS NPEACBEPXTOXAECTBOM.
OBpaTHOE B 00WIEM C1y4ae HEBEPHO.

HBa cBepxToXaecTsa ( MPEACBEPXTOXAECTBA ) Ha3biBAOTCA IKBHBAJICHTHLIMH B
MHOro0Gpas3uK NnoJlyrpynn, €C/li B KaXA0i NOJYrpynnc 3Toro MHOroodpa3us Jmbo 0da
3TH CBEPXTOXAECTBA (NPEACBEPXTOXAECTBA) BLINOJIHAOTCH, JIMGO HH OIHO H3 HHX HE
BbinosHseTca. [lonyrpynna nasvisaercs:

() meananbHOM, €C/1H B Helt BLINOSTHSETCS TOXECTBO XYZU = XZYU

(ii) KOMMYTaTHBHOIi, €C/1H B Heli BHINOTHAETCS TOXAECTBO Xy = yx;

(ili) noeMNOTEHTHOMN, ec/1H B Hell BLIMOHSETCS TOXIECTBO X = X2,

1. CeepxTroxnecTna JieBoii B npasoii nucTpuGyTHBROCTEI panra 1 8 mHOroobpa-

3mm monyrpymn. Paccmorpum cBepxToxaectBa neBoii M npaBo#f AMCTpuSyTHBHOCTE
panra I:

d} F(x,F(y,2))= F(F(x,y),F(x,2));
d; F(F(x,y),2)= F(F(x,2),F(y,z)).
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0 0
BbiSICHUM, NPH KaKHX YCJIOBHAX cBepxToxpectBa d, H d, BbINOJIHAIOTCA B

MHOro0o0pa3usx noayrpynm.
Teopema 1. [Jna Toro urodsl B MHOroodpa3uu nonyrpynn V BbinosiHsAJI0CH

0 0 ~ ~
ceepxToxaectBo d; [d, ], HeOGXOAMMO H AOCTATOYHO, YTOOBI B V BBINOTHAJIUCH TOX-
2 3
4ecTBa X° = X7, XyZ = XyXZ, XyZ = XZyZ .
: 0
Cnedcmeue 1. B npou3so.1bHOM MHOrooGpa3uu noJiyrpynn cBepxtoxaectsa d,
0
d, OKBHBaJIEHTHBI.
Cnedcmsue 2. (i) B mHorooGpa3uu meawanbHbix noayrpynn V sbinosmsiercs
0. ,0
ceepxtoxaectso d, [d, ]Toraau Tonbko Toraa, korga B V' BBINOHAIOTCA TOX-
2 3 2 2
JecTBa X = X7,XyZ=X"YyZ,XyZ=Xxyz" .
(ii) B MHOrooGpa3un KOMMYyTaTHBHbIX nosyrpynn V' BbinosiHsieTcs cBepxTOXaecT-
0, ,0
Bo d, [d, ] Torma u Tosbko Torma, koraa B V  BHINOJHSIOTCH TOXAECTBa
2 3 2
x"=x7, xyz=x"yz.
(iii) B MHOroOOpa3MH MOEMMNOTEHTHbIX NOAYrpynn V BbINO/HSAETCH CBEPXTOX/e-
0, ;0 :
creo d, [d, ] Torma u TosnbKO Torma, xorga B V  BLINOJIHSIOTCA TOXAECTBa
XyzZ = Xyxz, Xy =XZyZ.
~ 0
Teopema 2. Ecan B HeKOTOpOM MHOroodpa3suu nonyrpynn V Bemosnsiercs d,
0
[d, ],ToV cBepxaccounaTHBHO, TO €CTb B V BbINOIHAETCS CBEPXTOXAECTBO aCCOUHa-
tusHocth F(x,F(y,2))=F(F(x,y),2).

2. KnaccH4yeCKHe CBEPXTOXXIeCTBA JICBOH H MpaBoH IHCTPHOYTHBHOCTEH paHra
2. PaccMOTpHM CBEpXTOXIECTBa JieBo# H npaBoii aHCTpUOyTHBHOCTEH paHra 2:

d' F(x,G(y,2))=G(F(x,y),F(x,2)) ;
d, F(G(x,y),2)=G(F(x,2),F(y.2)).

. 1 1
Haiinem xpurepun BbinosnumocTd d, H d, B NpPOH3BOJIBHBIX MHOrooGpa3usax

noayrpynm.
Teopema 3. [Ias Toro utoObl B HEKOTOPOM MHOrOOOpa3HH MoOJyrpynn

1 | -~ -~
V Bbinosisnoch ceepxtoxaectso d, [d, ], HeoGxoanMo W [OCTaTOYHO, uyToOb B V
2
BBIMOJIHAJIMCb TOXAECTBA XYZ = XYXZ,XYZ = XZyZ, X=Xx".
~ 1
Cnedcmaue 3. B npoM3BONIBHOM MHOroOGpa3HH NoJyrpynn cBepxtoxaecrtsa d, H

d,' >xBHBaneHTHbI.
3. CeepxToxaecTsa JHCTPHOYTHBHOCTEH paHra 2, 3, 4, 5. PaccMOTpHM OCTa/1bHbIE

CBEPXTOXIECTBA AHCTPHOYTHBHOCTH paHra 2:
G(x,F(y,2))=F(F(x,y),F(x,2)) (D
F(x,G(y,2))= F(F(x,y),F(x,2)) (2);
F(x,F(y,2))=G(F(x,y),F(x,2)) 3
F(x,F(y,2))=F(G(x,y),F(x,2)) (4);
F(x,F(y,2))=F(F(x,y),G(x,2)) (5
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G(F(x,y),2)=F(F(x,2),F(y,2)
F(G(x,y),2)=F(F(x,2),F(y,2))
F(F(x,y),z2)=G(F(x,2),F(y,2))
F(F(x,y),2)=F(G(x,2),F(y,2))
F(F(x,y),z) = F(F(x,2),G(y,2))

(6);
@,
3
)
(10).

F(x,F(y,2)=G(G(x,y),G(x,2))
F(x,F(y,2)=G(F(x,y),G(x,2))
F(x,F(y,z)=G(G(x,y),F(x,2))
F(x,F(y,z) = F(G(x,y),G(x,2))
F(x,G(y,z) = F(G(x,y),F(x,2))

F(x,G(y,2) = F(F(x,),G(x,2))
F(x,G(y,2) =G(G(x,y),F(x,2))
F(x,G(y,z) = F(G(x,y),G(x,2))
F(x,G(y,z) =G(F(x,y),G(x,2))

D,; F(F(x,y),2) =G(G(x,2),G(y,2))
D,; F(F(x,y),z)=G(F(x,2),G(y,2))
D,; F(F(x,y),z)=G(G(x,2),F(y,2))
D,; F(F(x,y),2)=F(G(x,2),G(y,2))
Ds; F(G(x,y),2) = F(G(x,2),F(y,2))

Dg; F(G(x,y),2)=F(F(x,2),G(y,2))
D;; F(G(x,y),2)=G(G(x,2),F(y,2))
Dg; F(G(x,y),2) = F(G(x,2),G(y,2))
Dy; F(G(x,y),2) =G(F(x,2),G(y,2))

Dy,
D;;
Ds;
Dy;
Ds;
Dg;
D3;
Dg;
Dy;

Jlerko noka3saTb, YTO €CJI4 B MHOrooOpa3uH MoJiyrpynn BbINOJTHAETCS XOTs Obl OHO
M3 BbILIENEPEUHCIIEHHBIX CBEPXTOXIECTB, TO OHO TPHBHAJIBHO (AOCTaTOYHO MOACTABHTD

B (1), (3), (5), (10), D,, Dy, Ds — Dy, D7” Dn' TE€PMbl F(x, y) =X, G(x» y) =Y,asB

octanbhbie - F(x,y) =y, G(x,y)=x).

PaccMOTpHM H3BECTHBIE HaM CBEPXTOXJAECTBa AHCTPHOYTHBHOCTH KaK MpeiacBepX-

toxaecrsa. ScHo,

YTO KPHTEpHHi BBHIMOJIHHMOCTH [N

d’, d?, d!,d; «xax

CBEPXTOXACCTB COBNAAAET C HX KPHTCPHEM BbLINTOJIHHMOCTH KakK NMPEeACBEPXTOXACCTB.

3
Jlemma 1. Ecnin B MHOrooOpasuu nosiyrpynn V BbiNOJIHAIOTCS TOXAECTBa x*=x

2
wx?= y~, tornra V umeer auwb creayowme tepmbl: 1,(X,y)=x, L(x,y)=Yy,

L(x,Y) =Xy, ty(x,y) = yx, ts(x, y) = Xyx, te(x, y) = yxy, t;(x,y) = x°.
Tenepb paccMOTPHM CBEPXTOXAECTBa AHCTPHOYTHBHOCTH PaHroB 3,4,5.

Panr 3:
d} F(x,G(y,2))=U(F(x,y),F(x,2));

d; F(x,G(y,2))=U(G(x,y),G(x,2));
d; F(x,G(y,2))=UU(x,y),U(x,2));
d; F(x,G(y,2)) =U(F(x,y),G(x,2));
d; F(x,G(y,2)) =U(G(x,y), F(x,2));
dg F(x,G(y,2)) =UU(x,y),F(x,2);
d; F(x,G(y,2))=U(F(x,y),U(x,2));
dg F(x,G(y,2))=UU(x,y),G(x,2));
d; F(x,G(y,2)) =U(G(x,y),U(x,2));

djy F(x,G(,2)) = F(F(x,y),U(x,2));
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d;* F(G(x,y),2)=U(F(x,2),F(y,2));
d;} F(G(x,y),2) =U(G(x,2),G(3,2));
d;} F(G(x,y),2) =UU(x,2),U(y,2));
d;) F(G(x,y),2)=U(F(x,2),G(y,2));
d;’ F(G(x,y),2)=U(G(x,2),F(y,2));
dg’ F(G(x,y),2)=UU(x,2), F(y,2));
d;® F(G(x,y)2)=U(F(x,2),U(3,2));
dy’ F(G(x,y),2)=U(U(x,2),G(y,2));
d;’ F(G(x,y),2)=U(G(x,2),U(y,2));
dis F(G(x,y),2) = F(F(x,2),U(y,2));



d}, F(x,G(y,2)) = F(U(x,y),F(x,2));
d}y F(x.G(y,2)) = F(G(x,y),U(x,2));
d}, F(x,G(y,2)) = F(U(x,y),G(x,2));
djy F(x.G(¥,2))=G(F(x,y),U(x,2));
ds F(x,G(y,2))=GU(x,y),F(x,2));
dis F(x,G(y,2)) = G(G(x,y),U(x,2));
d}, F(x,G(y,2))=G(U(x,y),G(x,2));
djy F(x,F(y,2))=GU(x,y),F(x,2));
diy F(x,F(y,2))=G(U(x,y),G(x,2));
d3y F(x,F(3,2))=G(U(x,y),U(x,2));
dy F(x,F(y,2))=F(G(x,y),U(x,2));

d;, F(x,F(y,2))=G(F(x,y),U(x,2));

dy, F(x,F(y,2)) =G(G(x,y),U(x,2));
Paur 4:
d! F(x,G(y,2))=U(V(x,y),F(x,2));

d; F(x,G(y,2))=U(V(x,y),G(x,2));
d; F(x,G(3,2)=UV(x,y),U(x,2));
di F(x,G(y,2))=UV(x,y),V(x,2);
d§ F(x,G(y,2)=U(F(x,y),V(x,2));
d¢ F(x,G(y,2))=U(G(x,y),V(x,2));
d; F(x,G(y,2))=U(U(x,y),V(x,2));
dy F(x,G(y,2))= F(U(x,y),V(x.,2));
dg F(x,G(y,2))=GU(x,y).V(x,2));

diy F(x,F(3,2))=GU(x,y),V(x,2));
Paur §:

d}} F(G(x,y),2)= F(U(x,2), F(y,2));
dj; F(G(x,y),2) = F(G(x,2),U(y,2));
d); F(G(x,y),2)=F(U(x,2),G(y,2));
d}} F(G(x,y),2) = G(F(x,2),G(y.2));
di3 F(G(x,y),2)=G(U(x,2), F(y,2));
d}} F(G(x,),2)=G(G(x,2),U(y,2));
d}y F(G(x,y),2) = G(U(x,2),G(y,2));
d;} F(F(x,y),2)=GU(x.2). F(y,2));
dys F(F(x,),2)=G(U(x,2),G(y,2));
dyy F(F(x,9),2)=G(U(x,2),U(y,2));
d;; F(F(x,y),2)= F(G(x,2).U(y,2));
d3} F(F(x,y),2)=G(F(x,2),U(,2));
d;} F(F(x,y),2)=G(G(x,2),U(y,2));

d{* F(G(x,y),2)=U(V(x,2),F(y,2));
d;} F(G(x,y),2) =U(V(x,2),G(y,2));
d;* F(G(x,y),2)=U(V(x,2),U(y,2));

dy F(G(x,y),2)=UV (x,2).V(y,2));

d;* F(G(x,),2)=U(F(x,2),V(y,2));
dg* F(G(x,y),2)=U(G(x,2).V(y,2));
d;* F(G(x,y),2) =UU(x,2),V(y,2));
dg* F(G(x,y),2)=F(U(x,2),V(y,2));
dy* F(G(x,y),2)=GU(x,2),V(,2))i
dig F(F(x,),2)=GU(x,2),V(y,2));

d’ F(x,G(y,2)) =U(V(x,y),W(x,2)); d”° F(G(x,),2) =U(V(x,2),W(,2)).

Teopema 4. [lna toro utodsl B MHOroodpasuu nonyrpynn V Bbmossnoch
oaHo u3 npeacsepxroxaects (1)~(10) ,D, - Dy, D;—Dy wwm
NpeICBEPXTOXAECTB AHCTPHOYTHBHOCTH PaHroB 3, 4, 5, HEOOXOAHMO H AOCTaTOYHO, YTO-

XOTS Obl
~ 2 _ .2 2 3 2
Obl B HEM BbLINOJIHAJIHCH TOXAECTBAa X = y X =X, xyz =X .
Cnedcmeue 4. B npoOH3BOIbHOM MHOIO00Opa3HH MOJIYrpynn MpeacBEpXTOXOAECTBa
’ ’ 3 3 ”3 3 ;4 4 4 4 4 4 35 /5
(])—(10)’ Dl —D9’ DI _D9'dl _dZJ’dl _d23 dl _dIO' dl —dIO’dl _dIO'd 'd
JKBHBAJICHTHbI. *

Kaghedpu ancebpot u ceomempuu ITocmynuna 18.05.1999
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Udinthmu

Ldwywuwpnmpymbp Yhuwjudptph puqiwdlmpjwub dte Ynsynud & qlipGniyGmpyma,
tpt wyn puqiwdlmpjul juiwjwlwl pipd mtnunpting bwjwuwpmpjwG pmGy-
ghnGuw) uhdynGtiph dt9, uwnwlmy tGp G jGmpjmG: .

dwyjwuwpmpjmbp Yhuwhiptph puquwdlmpjul dt9 Ynsyymd t Gwjuw-qbipGngg-
Gmpym G, ipt wyn puqiwdimpjul judwjwlwl ppd ntnunptiny hwjwuwpmpjw6
dnGyghnGwy updyniGlipp dbe, puwgurmpyuip wpnjtighwyh pipdtph, unwinmd LGp
Gn)GmpymG:

Wy wuwwmwlpmd wpymd &G nwpplip nwiqbph we L dwfu pwyuwluimpjwb
ghpﬁﬁéléjﬁmpjmﬁﬁhph L Gwjuw-qtpGmyGmpymGGtph wihpwdt)n b pwyjwpup wwj-

wGGkpp:



