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The article considers the problem for an elastic infinite sheet, which along of
three parallel lines of its upper surface is strengthened by three parallel finite-
length stringers having different elastic properties. The interaction between
infinite sheet and three parallel stringers takes place through thin elastic adhesive
layers having other physical-mechanical properties and geometric configuration.
The stringers are deformed under the action of horizontal concentrated forces,
which are applied at one end points of the stringers. The problem of determining
the law of distribution of unknown contact forces acting between infinite sheet
and stringers is reduced to the system of Fredholm integral equations of second
kind with respect to three unknown functions, which are specified on three paral-
lel finite intervals. Further, are determined of the change regions of the problem
characteristic parameters, for which this system of integral equations allows the
exact solutions and which can be solved by the method of successive approxi-
mations. Some special cases are considered and the character and behavior of
unknown shear forces near the end points of the stringers are investigated. For
these cases numerical results depending on the multiparameters of the problem
are investigated in the article by A.V. Kerobyan and K.P. Sahakyan (Proc. YSU.
Phys. Math. Sci., 57 (3) (2023), 86-100).
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Introduction. Investigation of problems, which arise during load transfer from
stringer to an infinite sheet through adhesive layer and the construction of exact and
effective solutions for them have important meaning from both theoretical and applied
aspects. Without going into details, we note that some of them, which are closely
associated with the considered problem. The problem of load transfer from two
parallel elastic stringers with finite-length to an elastic infinite sheet through adhesive
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layers is considered in article [1]. In [2] considers the problem for an elastic infinite
sheet, which on its upper surface along two parallel lines is strengthened by three
finite-length stringers, two of which are located on the same line, through adhesive
layers. The problem for an elastic infinite sheet, which on its upper surface along two
parallel lines is strengthened by the systems of finite number finite-length stringers
through adhesive layers is considered in [3]. In [4, 5] considers the problems of load
transfer from two finite stringers to an infinite sheet (or half-plane) and infinite strip
through adhesive layers when two finite stringers are arranged on the same line with
different approach to the solutions. In article [6] considers the problem for an infinite
sheet with two finite stringers when only one of the stringers is connected through

an adhesive layer. In [7—10], using various approaches, problems are investigated
for different elastic bodies, which are strengthened by finite-length stringer through
adhesive layer. In [11, 12], transfer of loads from finite number of finite-length

stringers to an elastic half-plane and to an infinite strip through an adhesive layers are
considered. Some problems for an elastic infinite sheet strengthened by parallel finite
stringers without presence of adhesive layer are considered in [13]. In this article
considers the problem for an elastic infinite sheet, which on its upper surface along
three parallel lines is strengthened by three finite-length stringers having different
elastic properties. The interaction between sheet and stringers is assumed to be carried
out through thin adhesive layers with different physical-mechanical properties and
geometric configuration.

Statement of the Problem and Obtaining the System of Integral Equations.
Let an elastic infinite plate of small constant thickness /, the Young’s modulus E
and the Poisson’s ratio v, which is in a generalized plane stress state (xOy is its
middle plane), on its upper surface along three y = b, y = ¢ and y = —d parallel lines
being [y =b+d (b,d >0), L =b—c (b>c>0), 5 =c+d distance from each
other, respectively, on the [ay,b1], [@1,b1] and [c1,d,], finite intervals, respectively, is
reinforced by three parallel finite-length stringers modulus of elasticity equal to E
for x € [ay,b1] (b1 > a1), E> for x € [a@1,b1] (by > a;) and equal to Ej for x € [c1,d]
(dy > c1), respectively. It is supposed that the stringers have a rectangular cross-
sections with small constant areas F' = bjh;, where b} (b} < b; — ai,b; —ai, and
d; — c1, respectively) are the width of the stringers (it is below also is the width of
the adhesive layer), respectively, and h; are their small constant thicknesses. The
interaction between infinite sheet and stringers takes place through thin, uniform,
elastic adhesive layers with Young’s modulus E,, Poisson’s ratio V,, and small constant
thickness hg. The problem is to specify the law of distribution of unknown contact
forces acting between sheet and stringers, when the stringers are axially loaded by
concentrated forces P, Q1 and Q, which are applied at one end points of the stringers
x = by, x = by and x = d, respectively, and are directed to parallel along the Ox-axis
(see Figure).

It is assumed that during the deformation for the stringers the model of uniaxial
strain state in combination with the model of contact along the line is realized [14],
and for the adhesive layers there are the pure shear conditions [7], i.e. as [7, 13, 14]
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bending is neglected and the interaction between sheet and stringers is idealized as a
line loading of the sheet.
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Figure.

Taking into account the above assumptions, according to the equilibrium condi-
tions of an elements of finite-length stringers, which are defined on the [a;,b1], [a;,b1]
and [c1,d,] finite intervals, respectively, and Hooke’s law, the differential equations
for the equilibrium of the stringers on finite intervals [a1,b1], [@1,b1] and [c1,d,] will
be written in the following form:

d*uV  p(x)
= <x<b 1
o2 T EF  Gasxshy (1
du® g (x) -
—_— = a <b 2
dx2 EQF ) a) > x>0y, ( )
d*ul®  q(x)
= <x<d 3
dx2 E3F7 1l >Xxx>di, ()
with the following boundary conditions:
duV du P
——| =0, e )
dx dx E\F
xX=a X=D1
du® du®
- =0, - o 5)
dx . dx EXF
X=d X=D1
du® du®
- =0, - = g ; (6)
dx dx EsF
x=ci x=d,

and where we have also of the stringers equilibrium conditions in the form:

7p(S)ds =P 7(11(14) du=Qx, 7q(V) dv=0.

(7)
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Here u") (x) = u" (x,b), u® (x) = u® (x,¢) and u® (x) = u®® (x, —d) are the
horizontal displacements of the points of the stringers aty =b, y=c and y = —d
parallel lines, respectively, on the [aj,b1], [@1,b1] and [c1,d,] finite intervals, respec-
tively; p(x) = bit((x,b), T (x,b) is the shear stresses, acting under the stringer
on the [ay,b] finite part; g (x) = b{7? (x,¢), 7% (x,c) is the shear stresses, acting
under the stringer on the [d;,b] finite part, and g(x) = b1t (x, —d), T4 (x, —d)
is the shear stresses, acting under the stringer on the [c],d;] finite part.

Now, assuming that each differential element of the adhesive layers is in a

condition of pure shear [1—12], the following adhesive contact conditions are obtained:
V() —u(x,b) =kip(x), a1 <x<by, ®)
W2 ()~ (x,c) =K (x), @ <x<bh, ©)
W) (v, ~d) =kig(x), a1 <x<dy, (10)

where ki = hy/b1G,, G, = E;/2(1 +V,), G, is the shear modulus of adhesive
layers; u; (x,b), ua(x,c) and uz(x, —d) are the horizontal displacements of the points
of the elastic infinite sheet at y = b, y = ¢ and y = —d parallel lines, respectively;
p(x) = b1V (x,b) = biGen" (x,b), q1(x) = b7 (x,c) = biGe¥” (x,¢) and
q(x) = b;1O (x,—d) = Gy 1 (x, —d), %5 (x,b), % (x,c) and %) (x, —d) are the
shear deformations of the adhesive layers, on the [aj,b1], [a1,b1] and [c,d;] finite
intervals, respectively.

On the other hand, in view of above assumptions, let write the horizontal
displacements u; (x,b), uz(x,c) and u3(x, —d) of the points of the elastic infinite sheet,
when tangential (shear) forces with intensity p(x), ¢;(x) and g(x) act on the [a,b;],
[@1,b1] and [c1,d,] finite intervals of its upper surface along y = b,y = c and y = —d
parallel lines, respectively, in the following form [1,2]:

by b,
(1, b) = ﬂ%/ <ln |xis| +c> p(s)ds+ ni*/(l(x—u)%—C) a1 (u) du
17
+7rA*/(N(x—v)+C) g dv, (11)
by by
i (x,¢) = ml{/ (ln\x—luy +c> g1 (u) du+ niﬁ /(I(x—s)—i—C)p(s)ds
17
+—= [UE=n+0 amar. (2)

C1
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d by
uz(x,—d) = ml“ / <ln \xiv\ +C> q(v)dv+ 7[114* /(N(x—s)+C) p(s)ds
1 o .
- / (J(x—u)+C) g1 (u)du, (13)
1 ki _ A 1 K3

/x2+l%_x2—|—l§’

J(x) =1In — 14
(x) \/)T—f-l% x2+l3 (14
4Eh 1
A* = _ LtV lh=b+d, hb=b—c,l3=c+d,

0+VG-v) “"3-v’
C is arbitrary constant.

Note that the horizontal displacements u(x,y) of the points of an infinite sheet,
when shear forces act on its surface along the line y = —d with intensity g(x) (—oo <
x < o), is given by the formula

oo

1 . 1 B K(y+d)?
u(x,y)—nA*/ll V=52 ++d? =92+ +d)?

—o0

q(s)ds+ const,

—oo < X,y < oo,
Further, by virtue of (8), (9) and (10), equations (1), (2) and (3) can be written
in the form:

dzu(l) (1)

W-ﬁu (x) = —Rui (x,b), ar <x< by, (15)

d*u® 7

—o —ruP ) =R,  a<x<b, (16)
2.(3)

d;g — 02U (x) = —oPus(x,~d), 1 <x<dy, (17)
X

with the boundary conditions (4), (5) and (6), respectively.

Here y; = 1 /K{E;F, j=1,2, o> = 1 /k{E5F.

The solutions to the boundary value problems (15) and (4), (16) and (5), (17)
and (6), respectively, we obtain in the form:

by
W) =l @)+ 7 [ Gl s)un(s.b)ds. @ <x<b, (1)
W20 =) ()47 [ GoxEn(E.)as, @<x<h. (19

u® (x) = u(()3)(x) + (XZ/K(X, v)uz(v,—d)dv, 1 <x<dj, (20)

C1
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where u(()l)(x), u(()z) (x) and u(()3) (x) are the general solutions of the homogenous equa-

tions corresponding to equations (14), (15) and (16), respectively, with the boundary
conditions (4), (5) and (6), respectively, and have the following form:

_ Pcosh[yi(x—ay)] e (x) = Qlcosh[}/z(x_— ai)|
’}/1E1F sinh[}fl (b] —al)} ’ 0 ’}/zEzFSinh[’}’z(bl —dl)],

Qcoshlo(x—cy)]
~ oEsFsinh[a(d) —c)]’

In equations (18), (19) and (20), u"(x) =y / G (x,s)ui (s,b)ds,

)/2/G2 E,c)dE and ufx /vaugv—)d

are the particular solutions of equations (15), (16) and (17), respectively, with zero
boundary conditions corresponding to conditions (4), (5) and (6), respectively; G (x, s),
G>(x,&) and K(x,v) are Green’s functions [15], and

Gi(x.5) = 1 { cosh[yi(x—by)]coshlyi(s—ay)], x>s,
B Sinh[n (b1 —ar)] | cosh[yi(x—a)]coshlyi(s—by)], x<s;
ol ) L {costh( bJeoshp(E —a)), x> &,
’ psink[p(b; —a)] | cosh[y(x—ai)]cosh[pn(§—b1)], x<§&;
B 1 coshla(x—d;)]coshla(v—rcy)], x>,
Koy = S nhiads =] { cosha(x—c1) coshla(v—di)], x<v.

It is obvious, that the functions G| (x,s), G2(x,&) and K (x,v) are continuous
functions and G (x,s) = Gi(s,x), G2(x,&) = G2(&,x), K(x,v) = K(v,x).

Further, by virtue of (18), (19) and (20), according to (8), (9) and (10), we
obtain the following equations:

P00 +un(eb) =7 [ Girm(sb)ds+u (), @ <x<b, @D

ai

Kiq (x) + s (x,¢) = YZ/GZ ur(&,0)d€ +uld) (x),

S
IN
=
INA
S

, (22)

kig(x) +us(x,—d) = /va uz(v )dv—l—u(())( ), a1 <x<d;. (23)
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Now, by virtue of (11), (12) and (13), from (21), (22) and (23), we obtain the
following system of integral equations:

)+ 7rAl*k*f 7 <ln |xis| +c> p(s)ds + 7(I(x— u)+C)n (u)du

aip

by

+/ v+ | - A*k*/clxs [ (g ) p

ai

7 7 ul) (v)
+ [U-m+)aman+ [(Ns—=)+0) gz | ds+ "2 a <x<by;
J 1

cl
by
( ) ! /
X))+ ——
0 Ak}
by by

+/ (= )+ C)g(v)dv :nﬁk}‘/Gz(x’@ J (mztsre) aman

)ql du+/ x—$)+C)pls)ds  (24)

u(z)(x) -
+/ —1)+C)p dt+/ —1)4+C)g(t)dt| dé + Ok* ,a <x<by;
1
|9
—_ 1 v)d — C) ds
1O i /<“|x ) > V*/ A+C)p0)
c
dp

+/ X—1)+) 1 () —nj‘fkiﬁ/]m,v) [ (1w 25+ ateras

C1

(3)
+/ (v—1)+C)p( dt+/ v—"m)+C)qi1(n)dn dv+ 20 k*(x),cl <x<d.

aj
It should be noted that the spectrum of the symmetric second-order differential

operator D = —d? /dx* + y*I with the domain of definition being twice continu-
ous differentiating functions, satisfying the boundary conditions (du(!)/dx) _ =0
and (du“)/dx)x:b =0, are eigenvalues A, = Y +n212/ (b—a)* (n=0,1,2,...) with
corresponding eigenfunctions cos [nw(x—a)/(b—a)] (n=0,1,2,...).

It is known [15], that symmetric quite continuous integral operator B:

Bo = [ Glxs)9(s)ds,

which acts in the space L(a,b), is an inverse of the operator D.
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Hence, we have:

/ G (x,s)cos [”(S_‘”)] gs— (e [m(x_al)] . (25

by —ay (bl —al)z')/lz—f-nzﬂ?z

—a by —a;)? xX—a
e

/Kx v) cos [”(V_Cl)] dv= (d—e)® [m”(x_cl)}, @7

d1 — 01)2062 + m2m?

where the functions cos [mr(xal)] (n=0,1,2,...), cos [pn’(xal)}
by —a; by —a;
mm(x—cy)
di—ci
in the spaces Ly(ay,by), Lo(ay,by) and L (cy,d; ), respectively.

Further, after replacing the variables x, s, u, v, {, 1, t and T by ax, as, au,
av, a&, an, at and at, respectively, where a > 0 is the coordinate of one of the
end points of stringers, we will represent the system of integral equations (24)
as follows:

(p=0,1,2,...) and cos [ (m=0,1,2,...) form full orthogonal systems

Bi Bi Bi
(pl(x)+52/ln| |q)l(t)dt—aﬁsz/cl(ax,as)/m ; ! ) dids
o ag ag
Bi
—|—52/11 x—1n)wi(n)dn —ay§? /G1 ax,as /11 s—n)yi(n)dnds
o
M
+52/N1 x—T)y(1)dt— ay252/G1 ax,as /N1 s—1T)ya(T)dtds
& i &i

—ap(()l)(ax) =0, a <x<p;

Bi Bi
1 n)dn_a,gaz/gz(ax,a@/an_IM v () dn dg

B |
x)+52/1n

Jo =

[24]

Bi Bi Bi
+52/11(x—t) o (t)dt—ayg52/c;2(ax,a§)/11 (& — 1)1 (1) dt dE

m

+52/J1 x— 7)Y (1) dT — ap /Gz ax ag)/Jl(g—r)%( ) dtdé
& &

—aq(())(ax)zo, 6£1§x§[31; (28)
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+52/ln
131

—1—52/N1 x—1)@(t )dt—aa252/K ax,av /N1 (v—t)@i(t)dtdv
ap

& o

T)dt — aa252/K ax,av /ln l//z( Ydtdv
&

+52/J1 xX— T])l;/l(n)dn—aaZSZ/K ax,av /J1 v—n)yi(n)dndv

i a
—aq(())(ax) =0, & <x<n,

since according to (25), (26) and (27) we have also the following equalities :

B M
1 1 1
/G1 ax,as) = /Gz(ax,aé)dé = /K(ax,av)dv: vl (29)
1 o % &

Here
o =ay/a, pi=bi/a, &y =ai/a, By =bi/a, & =ci/a, m =d/a,
lv=10/a, Iy =h/a, I3 =04/a, 8§ =a/nkiA",

au(()l) (ax)

01() = ap(ax), ¥1(x) = a1 (@), ¥a(x) = ag(av), fox) = apy (@) = ==,
(2) (3)

auy”’ (ax auy’ (ax
0(x) = agf? (@) = "0 g1) = gl ax) = 0 G
: 1
1 1 lz*
N(ax) =1In—+Ni(x), Ni(x) =1In - 2K1 2
a JRrn T
1 1 13.
I(ax) =In—+1(x), Ii(x) =In - 2K2 2
a JRrB Tk
1 KI5

1
J(ax)=In—+Ji(x), Ji(x) =1In — .
N o

One can represent the system of integral equations (28) in the following form:

o1 (x +52/M1xt o1 (1) dt+62/51xn vi(n)dn

(241
711

182 / Hy(x,7) ya(t)dt = fo(x), o1 <x< By,
&
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Bi B
Vi) + 8 [ M) ya(m)an +8 [ S50 ¢a(r)ds

(291
m

+62/R1(x,r) yo(T)dt=2go(x), @ <x<pi, (3
&

m Bi
wx@+6{/Rxmwyﬁuyn+6{/Hng¢mom

& o
Bi
+8 [Raem)yim)dn =qo(), & <x<m,
o
where
Bi |
Ml(x,t)zlnbc_t—aylz/Gl(ax,as) ln| %
ag
Bi

Si(x,m) :h(x—n)—a}/lz/Gl(ax,as)Il(s—n)ds,
lﬁl
H;(x,7) :N](x—’c)—aylz/Gl(ax,as)Nl(s—T)ds,

ag

Bi
1
My (x,n) = lnm —ayzz([Gz(ax,a&j) lnﬁd{j,
B
S:(0,0) =hw—1)~aR [ Galav.af)11(6 ~1)dE, (32)
Bi

Ri(x, 1) =Ji(x~ 1)~ a7 [ Galax,a) 1i( ) dé,
O(]nl

H>(x,t) =Ni(x—1) —aaz/K(ax,av)Nl(v—t)dv,
&

m
R3(x,n) =Ji(x—1m) —a(xz/K(ax,av)J](v—n)dv,
&

Rz(x, ‘L') =In

m
—ao? /K(ax, av)In

d
1] v—r "
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au(()l)(ax) _ Payjcoshlay(x— )]

folx) = apy (ax) =

ki sinhlan(Bi—a)]
(2) A
0@ () — auy ' (ax) _ Qrayscoshlay(x—ay)]
go(X) = aqg, ( X) - kT - Sil’lh[a'ﬁ(ﬁ_l _ (_xl)
3)
e _auy’(ax)  Qaacoshlao(x—E&;)]
qo(x) = aqq; (ax) = OkT ~ sinhlaa(n —&)]

Note that the system of integral equations (31) is obtained by the changing the
order of integration, the validity of which follows from the Fubini’s theorem [15].
This theorem will often be used below without special mention.

It is easy to see that the functions fp(x), go(x) and go(x) are the adhesive contact
forces in the case of rigid sheet (i.e. when E' — o) and integrable functions on the
segments x € [ay, Bi], x € [&, B1] and x € [E;, 1], respectively.

Note that also the system of integral equations (31) was obtained without using
the stringers equilibrium conditions (7) in the form:

B Bi m
/p(as)dSZP/a, /ql(au)du:Ql/a, /q(av)dv:Q/a. (33)
) o &

In the system (31), the conditions (33) are satisfied automatically [1,2], since
the following equalities take place:

Bi Bi m
[hwax=rp. [a@dr=01, [amd=o.
o ) &

Some Special Cases. Now let us consider some special cases that are directly
obtained from the system of integral equations (31). In the case 82 = 0, from the
system (31) we obtain the solution of the corresponding problem for the case of a
rigid sheet (i.e. when E — o0) in the form ¢ (x) = fy(x), x € [ot, B1], w1 (x) = go(x),
x € [a,B1] and yr(x) = go(x), x € [E1, 1], respectively. From these solutions, it
is easy to see that the functions ¢;(x), y;(x) and y,(x) are bounded when x — ¢,
x— Bi,x— 0y, x— Bi, and x — &, x — 1y, respectively. Here note that this solutions
are correspond also to the starting solutions (or the zero approximations) of the system
(31), obtained by the method of successive approximations, depending on 71,7 and o
parameters, respectively.

In the case of two parallel finite stringers arranged f. ex., on the finite intervals
[a1,b1] and [cy,d, ], instead of system (31), we obtain the system of Fredholm integral
equations of the second kind with respect to an unknown contact forces ¢;(x) and
Y, (x), defined on the segments [oy, B1] and [£;, 1], respectively, in the following
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form:
Bi m
(pl(x)+52/M1(x,t) (pl(t)dt—|—52/H1(x,‘L') W (t)dt = folx), o <x<Bi,
on 3
m Bi
llfz(x)+52/R2(x, 7) Wz(f)df+52/H2(xJ) @1(t)dt = qo(x), & <x <y,
& o

(34)

and also with other combinations.

In the case of one finite stringer defined f. ex., on the finite interval [a;,b;], or
on the finite interval [c1,d;], instead of system (31) or (34), we obtain the Fredholm
integral equation of the second kind with respect to an unknown function ¢ (x) defined
on the segment [, B] in the following form:

Bi
<P1(x)+52/M1(x>f) ei(t)dt = fo(x), o <x< Py, (35)

o

or with respect to an unknown function y;(x) defined on the segment [£;,7;] in the

form:
m

V) + 8 [ R D) ya(r)de—qule). & <x<mi. (36)
&

Comparing of the integral equations (35) and (36), it is shown that they have
the same form. Thus, solving the problem is reduced to solving the system (31) of
Fredholm integral equations of the second kind with squarely integrable kernels in
two variables and with right-hand sides, which are the solutions of the problem in
the case of rigid sheet. From the system (31), it is easy to see that at the end points
x=o,x=P,x=0ay,x= P and x = &, x = 1, of stringers, respectively, the values
of unknown contact forces @; (x), y;(x) and y»(x), respectively, are finite.

Note that also, which without presence of adhesive layer (i.e. in the case of
ideal mechanical contact between sheet and stringer) in the same end points of the
stringer the intensities of unknown contact shear forces (or stresses) have singularity
of the square root power of integrable order [0, 13, 14, 16—18].

Investigation of the Solvability of the System of Integral Equations (31).
Now write the system (31) in the following form:

where
o] fo 8%kiy 8%k 8%ki3
v=| vi |, o= g |, S=| 6% 6%xn %3 |,

] q0 8%k31 6%kzn 8%k
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Bi Bi

ki Z/Ml(xyf) @1(1)dt, kioyn =/Sl(x,n)1//1(n)dn,
o [29]
Ul B

ks = / Hy (x,7) v (1) d7, ko1 = / So(x,) @1 (¢)d,
&i o
B m

ka2 z/Mz(x,n)llfl(n)dm k231I/2=/R1(x,T) wa(r)dt,  (38)
a &
B Bi

k1 = [ Haet) gu(0)dr. kv = [ Ra(.m) va(m) dn,
o 07}

m
k33l[/2 = /Rz(x, T) Wz(f)d’lf.

&1
Further, consider operator equation (37) in Banach space with elements
Y1 _
Y= y2 |, where yi(x) € La(ou,B1), y2(x) € La(@1,B1) and y3(x) € La(&1,m)
Y3

and with norm [|Y|| = maX{HYl o082 12l 530 1) Hy3HL2(§l,m)}' L(au,Br),
Ly(@y,B1) and Ly (&;,m;) are spaces of square integrable functions, specified on the
intervals (a1, B1), (@i, Bi) and (&1,m1), respectively.

Operators kj1, kyp and k33 act in the spaces Ly (o, By ), Lo (0, Bl) and L (&1, m1),
respectively, and operators ki», ki3, k21, ko3, k31, k3o act in the following form:
kiz: Lo(0u,B1) — La(ou, Br), kiz: La(&1,mi) — La(ou, Br),
ka1 Lo(ou, B1) — La(0u, Br), ka3t La(&1,m1) — L2(0u, Br) and
ki Ly(o, Br) = La(&1,M1), k3ot Lo(0u, Bi) = Lo(&r,m).

Obviously, the operator S acts in the Banach space and is a Fredholm operator.
A sufficient condition for inversion of operator I + S is the condition ||S|| < 1. Then
operational equation (37) can be solved by the method of successive approximations,
if ||S|| < 1, where

IS = max {82 ([lkut [+ llkaz |+ [lk13 1) . 8 (llkarll 4+ k22 | + ka3 ])
& (Ilks || + Ilks2 | + [lkss ) } -
Therefore, the condition ||S|| < 1 will be satisfied, if
8 (ki |+ llkiall + llkisll) < 1, 8 ([lhar |+ [lkaa | + [lkas ) < 1,

& ([lks1 | + llksal| + [lkss ) < 1. (39)
In this case, the solution of equation (37) is written in the form

oo

y=>1+8)"yo=Y (=1)"S"y.

m=0
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Now let’s determine the values of 8% parameters of the problem, for which
the conditions (39) will be satisfied. From (38), by virtue of Cauchy-Bunyakovski
inequality, we get:

1

B B 1 Bi B
kil <eren={ [ [Micendrdr | kel <en,en=| [ [Sixn)dvan | |
a1 0 o o
1 _ 1
m B 2 Bi Bi 2
ki3]l <ci3,c13= //le(x,r)dxdr k2t || <car,c01= //S%(x,t)dxdt ,
él o o)
1 . 1
Bl Bl 2 m B 2
k22|l <c22,c20= //M§(x,n)dxdn k23|l <23, c23= //R%(ny)dxdf ;
o a & o
1
Bl m % Bl m 2
k31l <cs1,c31= //sz(x,t)dxdt k32| <e32,c30= //Rg(x,n)dxdn ,
& a1 &
m m %
k33| <c33,c33= //R%(x, T)dxdt | . (40)
& &

Obviously, the expressions for ¢;; (i ,J= 1,73) are difficult to calculate, but they
can be estimated. It was found out in [2], that the following estimates take place:
1 1

B1 B 2 B Bi :
e < //ln2 |x—tldxdt | , cn< / In? |x—n|dxdn | ,

oy o 0y 0y

mm 2 Bi Bi :
€33 < //ln2 x’cdxdr) , 12 < //Ilz(x—n)dxdn ,

& & a o

m B 2 B Bi 2
c13 < //N%(xf)dxdr) , 1 < //Ilz(x—t)dxdt , (41)

& o ar &y

m B : Bim 2
€3 < //le(x—r)dxd‘c , 1 < //le(x—t)dxdt ,

&1 o &

B m :
3 < /le(xn)dxdn) .

&

(=]

1
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The estimates (41) for c12, 13, ¢21, ¢23 and ¢31, ¢3» can be obtained also in the

form:
I

D] —

! Bi B Bi Bi
cn<s / / I [(x—n)2 + 2] dxdn | +xL2. / / V4 12.] 2dxdn |
o o ap o
| n B 2 m B 2
cn<s / / In? [(x—7)2 + ) dudt | +xI2. / / (1) + 2] Pdudr | |
& o & o
1 1
1 B Bi : B Bi 2
cn<s / / In? [(x—1)* + 13.] dxdt | +kl5. / / [(x—1)? +z§*]’2dxdr :
ap oy o Qg
1 B 1
! m Bi 2 n B 2
n<3 / / In* [(x—1)* + 5. dxdt | +xI5. / / [(x—7)2 + 3] dxdz |
5] [o3] 6] (9]
| Bim 2 B m 2
<y / / 0 [(x—1) + 2] ddr | +xI2. / / (=) +12] P dddr | |
(241 151 Ol él
(42)
_ 1 ) 1
| Bi m 2 B m 2
<y / / In? [(x—0)2 + 3] dxdn | +xL2. / / [(x—n)2+ 2] dxdn
a g a &
Then the conditions (39) will be realized, if
8> <(cuitcinten) t=c, 8 <(ca+en+ten) ! =c, (43)

8% < (C31 “+c32 +C33)_1 =c3,
where c1, ¢; and c¢3 are positive numbers less than unity.
Note that from the condition of solvability of the system of Fredholm integral
equations (34) for 52 parameters, correspond to (39) and (43) conditions, in this case
we obtain the condition of solvability in the form
8 < (chi+ch) ' =¢f, 8% < (3 +ch) ' =¢, (44)
where we have corresponding to the above the following notations, respectively:
ciy=ci, cjp=ci3 and ¢ =c31, ¢ = C33.

For the integral equation (35) we obtain the condition of solvability in the form

B Bi 2
8% < //lnzyx—t|dxdt

ar o



ADHESIVE CONTACT PROBLEM FOR AN INFINITE SHEET STRENGTHENED... 49

The values of unknown shear forces @ (x), y;(x) (j = 1,2) at the end points of
the stringers x = o, x = B, x = &;, x = B1, and x = &, x = 1y, respectively, can be
obtained from the system (31).

Conclusion. For investigation the changes in the law of distribution and
behavior of unknown contact forces in this article is presented an effective
solution of considered problem. The problem is reduced to solving the system
of Fredholm integral equations of the second kind with respect to three unknown
functions, which are specified to on three each other parallel finite intervals and with
right-hand sides, which are the solutions of the considered problem in the case of rigid
sheet. Further, they are determined of the change regions of the problem characteristic
parameters, for which this system of integral equations allows the exact solution and
which can be solved by the method of successive approximations. Note that for some
particular cases considered problem presented above, i. e. for the system of integral
equations (34) and integral equation (35) the multiple numerical results and its analysis
depending on the change of characteristic parameters of the problem are presented in
article [2], in the Supplementary Material. Also note that, using analogous reasoning,
we can obtain also the solutions to problems with a similar view in the case of four or
more each other parallel finitely number finite-length stringers.
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W Jd. LELNASUL

ynNhL UALSULSUSPL LALLM WLJENQ UULR SUUUCR,
nee NhdgbNUSJUT E BLBL 2NPQUNEN JBrudne
GOUULNEER-8SUURL USCPLAGLULENNY

Whupwipnid nphipunpyuwd £ uinhp wnwaquud wigtpe uwih hwdwnp,
nplt hp Ytiphtt dwlpnygph pw hpup gmquhtn tptip gdtph Gpljupnipyudp
Ytipowynn ptinuiwutipmd mdtinugud t tptip gmquhtin yopowynp Gpljupni-
pjwdp ugpphbgtpbtpng ypuppbp wpwadquub pmpwgptipny: $nhuwgntigni-
pJp wbytipe uwh b upphbigipitiph dholt pninp pinudwubpmyd hpuwgnpdynid
L pwpuy, dhunptiuwy b wyp $hghyuibpuwthyuyub b tpypuswthwub pnpw-
gptip mbbgnn Yugmb ptpypbph dhengny: Uwpphbgipbtipp nkbnpdwghwih G
thpwniynd hptitg dwyptinhg dtynud jhpungwd hnphgnimub jappniwgud
ndtph wqnbgnpyjub puly: Wohwpp nbpulgpuyht mdtph npnpdwt fuinhpp
hwlighgquwo k tiptip qniquhtin ytipgwynp hunpjudtitipnud npnpywd tiptip wthwjy
$niyghwtitiph tugpiwdp dptinhnpdh tGpypnpn utinh hinpigpu hwjwuwnpnud-
Otiph hwdwuwngh (neddwbp: Wanmhtpl npnpynud G juinpht pbinpng pbnwgnhs
wwpwubtypptinh thnthnpudw @ wyt yphpnypbtpp, npnbig nhiypmd wyny hwjwuwpnid-
Obiph hwdwunpgp pny; Lt puhu dogppyp momd L np wyl Juptjh £ ooty
hwonpnuwljul dnipuynpnipgnibitinh dtennny: dYhpwplyud o hunpniy hbtwpuwynn
ntiyptin b htpugnipgud £ ytipowynp pptinudwutinnud gnpdnn withwyy onpwthnn
mdtiph Juppp b pinypep: W nhwptph hwdwp pwyht wpynbpbtpp jupwd
huinph puquwphy yupuibtipptiphg munmdtwuhpyws G W Jd. Ltpnpjubh L
4. M. Uwhwljubh Ynnihg htiplyw hnpjuwond (Proc. of the YSU. Phys. Math.
Sci. 57 (3) (2023), 86—100).

A.B. KEPOIIAH

AJITEBNOHHAST KOHTAKTHAS 3AJIAYA 1151 BECKOHEYHOII
JIACTUHBI, YCUJIEHHON TPEMY HAPAJIIEJIbHBIMU
CTPUHIEPAMI KOHEYHOW JIJTMHBI

B pabore paccmaTrpuBaeTcs 3a1a4a Jijisd yIPyTroi 66CKOHEYHOM IJIaCTUHEI,
KOTOpAasi Ha KOHEYHBIX yIaCTKaX BIIOJIb TPEMs TapasIeIbHBIMU JTMHUSIMA CBOEH
BepXHEH MOBEPXHOCTHU YCUJICHA TPEMsI IaPAJLIeIbHBIMU CTPUHT€pAMU KOHETHOM
JUIMHBI C PA3TUIHBIMA MOJYJISIMHA YIPYTOCTH. KOHTAKTHBIE CBSA3KU MEKITY
IUTACTUHOM U TPeMs apaJIIeJIbHBIMUA CTPUHTEPAME BO BCEX KOHEUHBIX YIACTKAX
OCYHIECTBJIAIOTCA ITOCPEJICTBOM OJMHAKOBBIX TOHKUX JIMIIKUX CJIOEB C JIPYT'MMU
PUBUKO-MEXAHUIECKUMU U TEOMETPUIECKUME XapakTepucTukaMu. CTpUHreph
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nedopMupyercss moj  AeficTBHEM TOPU30HTAJBHBIX COCPEJOTOYEHHBIX CHIJI,
IIPUJIOYKEHHBIX HA UX KOHIAX. B pabore 3aja4a ompejieieHnsT 3aKOHa pacIpe -
JIeJIeHnsT HEM3BECTHBIX KOHTAKTHBIX KACATEIbHBIX CHJI, AEHCTBYIOIINX MEXKITy
OECKOHEYHON TIJIACTMHON W CTPUHIEPAMU, CBEJIEHA K PENIeHUI CUCTEMbI
WHTErpaJIbHBIX ypaBHeHuit PpearobMa BTOPOTO POJa ¢ TPeMsT HeM3BECTHBIMU
GYHKIUSIME, OIPEIEJEHHBIMA Ha PA3JIMYIHBIX TapalIebHBIX KOHEUHBIX
nnrepBaiax. Jlajgee omnpenensmch 00/1aCTH  MU3MEHEHHUsI XapaKTEPHBIX
mapaMeTpoB 3aJa4d, IIPH KOTOPBIX IOJyYeHHAasl CHCTEMa HHTErpabHbIX
YPaBHEHUIl JOIYyCKAET TOYHOE PEIIeHNe U MOXKET OBITH PEeIieHa METOIO0M
[IOCJIEOBATEIbHBIX PUOIMKEHU. PaccMOTpeHbl HEKOTOpbIe BO3MOXKHBIE
crienuajbHble CIyYad U KMCCJIEOBAHBI XapaKTep U IIOBEJIEHUE HEM3BECTHBIX
KacaTeJbHBbIX CHJ Ha KOHIAX CTPUHIEPOB. UMC/IEHHBIE PAcdeTbl I ITUX
CJIyYuaeB B 3aBUCUMOCTU OT PA3JIMIHBIX IApPaAMETPOB 3aJatU HCCJIEIOBAHBI B
pabore A.B. Keponsina n K.II. Caaxsna (Proc. YSU. Phys. Math. Sci. 57 (3)
(2023), 86-100).



