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ON EDGE-CHROMATIC SUMS OF CORONA PRODUCTS
OF GRAPHS

H. V. MIKAELYAN *, P. A. PETROSYAN **

Chair of Discrete Mathematics and Theoretical Informatics, YSU, Armenia

A proper edge-coloring of a graph G is a mapping from its edges to the set
of positive integers, so that adjacent edges receive different numbers (colors).
If a proper edge-coloring of a graph G minimizes the sum of colors on all
edges, it is called a sum edge-coloring and the sum is called the edge-chromatic
sum of G. In this paper, we study the connection between the edge-chromatic
sum of corona product of graphs with the edge-chromatic sums of its factors.
We provide general upper bounds on the edge-chromatic sum of corona products
of graphs, as well as we prove that the edge-chromatic sum of the corona products
of bipartite graphs and regular graphs of odd order can be exactly determined by
the edge-chromatic sums of the factors.
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Introduction. Graphs considered in this paper are undirected, finite, and simple.
Before introducing the problem let us define some concepts and terms needed. For the
remaining basic concepts not defined below, we follow West’s terminology [1].

We denote by V(G) and E(G) the vertex set and edge set of graph G,
respectively. A graph G with |V(G)| =n and |E(G)| = m is called an (n,m)-graph.
We denote by A(G) the maximum degree of G. The (n,0)-graph is denoted by K.
The complete graph with n vertices is denoted by K,, and the simple cycle with n
vertices is denoted by C,,.

A proper vertex-coloring o of a graph G is a mapping from its vertices to the
set of positive integers, so that for each edge uv € E(G), o(u) # a(v). It is a standard
problem in graph theory to find a proper vertex-coloring that minimizes the number of
colors used. Another interesting (and apparently related) problem is to find a proper
vertex-coloring that minimizes the sum of colors on all vertices. These colorings are
called sum vertex-colorings and the minimum sum of colors on all vertices in the
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graph G in a sum vertex-coloring is called the vertex-chromatic sum of the graph and
is denoted by Z(G)

The problem of finding the vertex-chromatic sum of the given graph was
introduced by Supowit [2] in 1987 and independently by Kubicka [3] in 1989. Kubicka
proved that this problem is NP-hard. After that, a lot of approximation algorithms have
been suggested [4—7]. In [7], the authors also proved that the problem is NP-complete
even for planar bipartite graphs with A(G) <5.

With this in mind, another interesting problem is to find bounds for vertex-
chromatic sum. Such bounds for general graphs are provided in [8—10].

One more parameter characterizing sum vertex-colorings is the vertex-strength
of the graph, denoted by s(G). It is the minimum number of colors needed in a
sum vertex-coloring. Hajiabolhassan [11] proved a Brooks-type theorem for the
vertex-strength of the graph.

Similarly, the concepts of the edge-chromatic sums and edge-strength are
introduced by Bar-Noy et al. in 1998 [12]. A proper edge-coloring is a mapping
from its edges to the set of positive integers, so that adjacent edges receive different
numbers (colors). The minimal number of colors used in a proper edge-coloring
of a graph G is called the chromatic index of the graph and is denoted by x'(G).
Vizing proved that A(G) < x'(G) < A(G) + 1, where A(G) is the maximum degree of
the graph. Moreover, deciding whether ¥’ (G) = A(G) (these graphs are called Class 1
graphs) or ¥’ (G) = A(G) + 1 (in this case the graph is called a Class 2 graph) is an
NP-complete problem.

For a graph G, sum edge-colorings are proper edge-colorings that minimize the
sum of colors on all edges. This sum of colors is called the edge-chromatic sum of
the graph and is denoted by Z’ (G). The minimum number of colors used in a sum
edge-coloring is called the edge-strength of the graph and is denoted by s'(G). Finding
the edge-chromatic sum [12] as well as finding the edge-strength [13] are NP-hard
problems. The sum edge-coloring problem is NP-hard even for planar bipartite graphs
with maximum degree of 3 [14]. A 2-approximation algorithm exists for general
graphs [12], and a polynomial algorithm exists for bounded cyclicity graphs [15]. For
specific graph families such as split graphs or complete graphs, bounds or the exact
value of the edge-chromatic sum are found in [16]. For the edge-strength of graphs,
Vizing-type theorem is proven:

Theorem 1. [//,]7]. For any graph G, A(G) <s'(G) <A(G) + 1.

It is a common practice to study various colorings on some operations on
graphs. Frucht and Harary introduced the corona operation on graphs [ 18], on which
investigation of coloring properties can be found in [19-21]. Current work examines
sum edge-colorings of corona product graphs and their relations to the sum edge-
colorings of its factors.

Let G is a graph with the vertex set V(G) = {vi,v2,...,v,} and H
is a graph with the vertex set V(H) = {uj,uy,...,u,}. The corona product of
graphs G and H is a graph G © H defined by the following vertex and edge sets:
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V(GOH)=V(G)U{u|1 <i<n,1<j<p}and E(GOH) = E(G)U{ujujluju €
EH)and 1 <i< n}U{v,-qu <i<n,1 <j<p} Foreachie {l,...,n}, the ver-
tices uf,..., u’p induce a copy of H called H;. An illustration of C4 ® K; is provided in
Fig. 1.

We will use the following theorem:

Theorem 2. [22]. Let H be a Class 1 graph in which every vertex has
either degree A(H) or degree 1. For any edge coloring of H with A(H) colors let f;
be the number of end edges with color i for i =1,2,...,A(H). Then all f; have the
same parity.

Fig. 1. The corona product of simple cycle of length 4 with K5.

General Upper Bound. Note that if we have some proper edge-colorings of
graphs G and H, in order to create a proper edge-coloring for G ® H, one approach
is to combine those colorings in some way that keeps the edge-coloring proper.
One way of doing that is to assign the edges of the subgraphs of G ® H corresponding
to G and H's to the same colors as in their sum edge-colorings, and add new colors
on the remaining edges of the graph. Another approach is first to color the edges
{viu;ll <i<n,1 <j< p} with colors from 1 to p, then use the colors of the sum
edge-colorings of G and H by adding to each color the number p. Here is what we get
by this with the formal proof.

Theorem 3. Forany (n,m)-graph G and (p,q)-graph H, we have:

Y (GoH) < Z’(G)+n2’(H)+np(l)2+l)

where t = max{s'(G),s'(H)}.

+min{npt, pm+npq},

Proof. Let B be a sum edge s'(G)-coloring of G, and 7y be a sum edge
s'(H)-coloring of H. First, we construct a coloring  as follows:

1) foreachedge e € E(G), let a(e) = B(e);

2) foreachedgeuju; € E(H)and 1 <i<n, let a(ué-uf) = y(ujup);

3) foreachl1 <i<nand1<j<p, letoc(viuf'/-):t+j.
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Now we construct one more coloring o’ as follows:

1") foreachedge e € E(G), leta'(e) = B(e)+ p;

2') for each edge ujuy € E(H) and 1 <i<n, let & (u\u)) = y(uju;) + p;

3') foreachl <i<nand1<j<p, let (x’(viui-) =J.

It is easy to verify that both constructed colorings are proper edge-colorings
and if we calculate the total sum of colors in both colorings, we easily obtain the
inequality given in the theorem description. O

Corona Product of Bipartite Graphs with Edgeless Graphs. First, let us
consider the product of bipartite graphs with edgeless graphs.

Theorem 4. For any bipartite (n,m)-graph G and any positive integer p,

we have:
- 1
Y/(Goky) =Y /(6)+ "D
P / 7 / np(p+1)
roof. By Theorem 3, we get that Z (GOK,) < Z (G)+ s + pm.

Now we prove the reverse inequality.

We prove that for each 1 <i < n, the edge set {viu; | 1 < j<p}iscolored
with the set of colors {1,2,..., p} in any sum edge-coloring of G@KTU. In that case, it
is obvious that the remaining part of the graph must be colored according to a sum
edge-coloring of G by adding p to each color in order to obtain a sum edge-coloring
for G® K,,. Note that in that case the sum of colors equals the expected value and the
theorem will be proven.

Suppose the opposite, i.e. there exists a sum edge-coloring ¥ of G® K,,, for
which not every v; (1 <i < n) has the edges {viug. | 1 < j < p} colored with the set
{1,2,...,p}. Denote by ¢ the minimal color (1 < ¢ < p), for which there exists a
number i; (1 <i; <n), so that ¢ ¢ {y(vilu?)ﬂ <j<p} Letd= lrgjai(py(vilui}),

obviously d > p.

Now there exists a vertex v;, (1 <i, < n) so that v;v;, is an edge in
G ® K, and y(v;v;,) = ¢, otherwise we would change the color of the edge
colored d incident to v;, to ¢ and achieve a proper edge-coloring with a smaller

color sum. Let e = [max y(vi2u'J-2). Since c is already used in the edge v; v;,,
<j<p

eis at least p+1.

Note that d # e, otherwise, we could recolor the edge v;,v;, by d and the edges
adjacent to it of color d by c and achieve a smaller total sum of colors. Consider the
path ug,v;,,u1,uz,u3,... in the graph G ® K, with edges of alternating colors d and e
(note that the second vertex is v;, and other vertices are uniquely determined by 7).
This is a simple finite path having all the vertices except up and probably except
the last vertex lying in the vertex set V(G). Since G is bipartite, the path doesn’t
contain the vertex v;,, otherwise, the path v;,,v; ,u,u2,...,v;, is a cycle of odd length.
If we recolor the colors of the path changing e by d and d by e, then changing the color
of v;,vi, by e and edges incident to v;, v;, colored e by ¢, we will achieve a smaller total
sum, hence obtaining a contradiction. O



ON EDGE-CHROMATIC SUMS OF CORONA PRODUCTS OF GRAPHS. 87

N\ 1/,

N 0

i \75 le

— _ _—

7B

Fig. 2. A sum edge-coloring of Cs ® K.

An illustration of a sum edge-coloring of Cs ® K3 can be seen in Fig. 2.
Note that if the graph G is not bipartite, the bound is not always giving the exact value.
Giaro and Kubale [ 5] showed that K5 ® K has a smaller sum.

Corona Product of Graphs with Odd Order Regular Graphs. The result
from the previous section helps to obtain an upper bound for corona products of graphs
with odd order regular graphs. In order to show the bound, first note the following
lemma.

Lemma. Forany graph H, the graph H © K| is a Class 1 graph.

Proof. Consider any proper edge-coloring & of H, where the number of colors
used does not exceed A(H) + 1 (by Vizing’s theorem such a coloring always exists).
Note that for each vertex v; € V(H) there is at least one color j (1 < j <A(H)+1)
that is not assigned to any edge incident to v, because v has a maximum of A(H)
incident edges. We denote one of these colors by mq(v). This means that we can
color the edges of the graph H ® K as follows: we color each edge e € E(H) with
the same color as in a and each edge v;u} (1 <i < |V(H)|) with mg(v;). Note that
as a result, each edge is colored with a color that does not exceed A(H) + 1. But
A(H®K;)=A(H)+ 1, so the coloring proves that H ® K; belongs to Class 1. [

Theorem 5. For any (n,m)-graph G and a regular graph H of odd order p,
we have:

Y '(GoH) <Y (G)+nY  (H)+ np(p;l) + pm.

Moreover, the bound is sharp if G is bipartite.
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Proof. For showing the upper bound, we construct a proper edge-coloring
o that ensures the expected sum. First, note that the graph G ® H has a spanning
subgraph G ® K, let us color the edges of the subgraph, according to the coloring &’
in the proof of the Theorem 3. It remains to color the edges in each of the copy of
graph H so that the edge-coloring remains proper.

Now consider the graph H ® K. By Lemma the graph is Class 1. Moreover, if
we take a sum edge-coloring of H that uses s'(H) colors (note that s'(H) < A(H) + 1,
Theorem 1) as & in the proof of the Lemma, we obtain a proper A(H ® K )-coloring
for H ® K; that satisfies the requirements of Theorem 2. Note that in this case the
end edges are the edges vju] (1 < j < p). By applying the Theorem, we get that
each color i from 1 to A(H ® K;) has f; end edges colored with i, where all f;s
have the same parity. Since the number of end edges in total is odd, all f;s are odd,
so fi > 1(1 <i<A(H®K))).

This means that for the graph H there exists a sum edge-coloring (in fact, all
sum edge-colorings that use s'(H) colors are appropriate here), for which each color i
from 1,2,...,A(H ® K ) has at least one vertex that is not incident to an edge colored
with i. Hence, it is possible to renumerate the vertices in the graph H and color the
remaining edges in G ® H by taking the sum edge-coloring in each copy of H to ¢,
so that the already colored edges in o do not prevent the edge-coloring from being
proper.

Thus, we showed a proper edge-coloring that gives the expected sum of colors,
so the upper bound is proven. Now to prove that for bipartite G the bound is sharp,
note that Z’(G@H) > Z'(G@KT,,) + nZ'(H). Indeed, if there exists a proper
edge-coloring of G ® H that has a sum of colors less than Z’(G oK)+ nZ’ (H),
this means that in one of the subgraphs of GOH - GO K, H\,H>,...,H, the coloring
has a sum of colors less than its edge-chromatic sum. This is a contradiction. Finally,
we apply Theorem 4 and obtain:

Y'(GoH)>Y/(GoK,)+n) '(H) =Y (G)+ np(p;l) +pm+n) (H).
O
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N\, Jd. UbLUGL3UL, M. U. MESrNUsiu

A UDLELP GNALALE WLSUWALSUILELP UNIUSPL LLNUUSPY
ANFUUNLErr UUWUDL

G gqnudh Shoyp Ynnuyhtt bpynuip tpw Ynnbph hwdwyupuupnwitigmit
E npujul wdpnne pytpht wjbytiu, np hwptwb Ynnbpp upubwb wwupptip pybp
(qnyttin): Bpt G gnuwdh oy Ynnuyht tpynidp dhihdhqugtnud £ pninp Ynntiph
gnybtiph gnudwpp, wyw wjb Yngdmu £ gnudwpuyghtt Ynnuyhtt dtpynud, hul wyn
gnuiwpnp Yneynid £ G gpnudh Ynnuyhtt ppndunphl gnidwip: Wu wphuugpupnid
nuunidbwuhpynud £ gpudtitinh Ynpntiw wpypunpyugh Ynquyhtt ppndunphly gnidwnh
Yuuyp pununphsttiph nnuyhte ppndunphly gnudwpbiph htap: Uklip qrughu Gop
nnhwbnip ypht qbwhugpujuttip gpudbtiph Ynpnbw wpypunpyubtph §nnu-
jhU ppndunphy gnudwpbtiph hwdwp, htswytu bwbe gnyg Gup puihu, np Gpyynndwbh
gnudttiph b Yhnp ququpwuidh hwmdiwutin gqpudbtiph Ynpnbw wpypunpyubbph
Unnuyhtt ppndwnphly gnudwpditipp Yuiptih b 62gpginptit npngty. punuinphgbtinh
Unnuyhtt ppndwphly gnudwpbph dhongny:

I'. B. MUKAEJIAH, I1. A. IETPOCAH

O PEBEPHO-XPOMATUYECKNX CYMMAX KOPOHA-IIPOU3BEJIEHUI
I'PA®OB

[IpaBunbHas pebephasi packpacka rpada — 3T0 oTOOparkeHme ero
pebep Ha IMOJIOKUTEJIbHBIE [EeJIble YUCIA TAKUM 00pa3soM, YTOOBI CMEXKHBIM
pebpaM coOoTBeTCTBOBaAJIM pasHble uyncia (1pera). Eciu npasuibHas pebepHast
pacKkpacka MUHUMH3UPYET CyMMY IIBETOB BCeX pebep, TOT/ia OHa HA3BIBACTCS
cyMMapHOil pebepHOil packpackoil rpada, a 3Ta CymMMa Ha3bIBAETCS pebepHO-
XpoMaTHdeckoil cymmoii rpada. B mannoit pabore MBI u3ydaeM CBI3b
MEXKJy pPedepHO-XPOMATUYUECKON CyMMOIl KOpOHAa-Tipou3Besiennit rpados u
pebEPHO-XPOMATHIECKHUX CyMMOi MHOXKHUTe ell. Mbl ipuBoiuM o0I11e BepXHUE
OIIEHKU PEeOEPHO-XPOMATUYIECKNX CYMM KOPOHA-IIpou3BeeHuil rpados, a
TaK)Ke JIOKa3bIBaeM, YTO TOYHbIE 3HAYEHHs DPeOEPHO-XPOMATUYECKUX CYMM
KOPOHA-TIPOU3BEICHUIT  JIBYJAOJBbHBIX T'padOB U PEryaspHbIX TIpadoB ¢
HEYIETHBIM KOJIMYECTBOM BEPHINH MOTYT 6BITB MIOJIy9€HbI C IIOMOIILIO pe6epHO-
XPOMATHIECKUX CYMM MHOYKHUTEJIEH.
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