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PARALLEL 3D RECTILINEAR STEINER TREE CONSTRUCTION
BASED ON SPANNING GRAPHS
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Steiner tree construction is a fundamental problem in VLSI physical design.
Given a set of pins in 3D space, the objective is to connect all pins with mini-
mum total wirelength, possibly using additional Steiner points. This problem
becomes particularly important in modern 3D integrated circuits, where vertical
connections are realized through Through-Silicon Vias (TSVs). Since TSVs
occupy valuable silicon area, their positions must be carefully determined and
tracked to avoid conflicts between different nets.

Building upon the 3D rectilinear spanning graph presented in prior work,
this paper proposes a parallel algorithm for 3D rectilinear Steiner tree construc-
tion. The main contributions are as follows. First, the pair-generation process
is decoupled from Kruskal’s algorithm. Second, Tarjan’s sequential lowest-
common-ancestor (LCA) computation is replaced with the Euler tour technique
combined with a range-minimum-query (RMQ) data structure, enabling fast
and independent parallel LCA queries. In addition, a centroid-based tree parti-
tioning scheme is introduced, which allows edge substitutions to be computed
concurrently and independently.

The proposed algorithm achieves up to 15× speedup with 16 threads
compared to the sequential version while maintaining solution quality. As an
application, a TSV-aware multi-net routing framework is demonstrated, where
dies are modeled as layers in 3D space, and TSV positions are dynamically
determined during Steiner tree construction and tracked to prevent conflicts
between nets.
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Introduction. Steiner tree construction is a fundamental problem in VLSI
physical design. Given a set of terminal points, the goal is to find a tree connecting all
terminals with minimum total wirelength, potentially using additional Steiner points.
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The problem is known to be NP-complete [1], yet in modern EDA tools the number
of points can reach millions, making both solution quality and computation time
critical factors. Zhou et al. [2] introduced the Rectilinear Spanning Graph (RSG), a
sparse O(n)-edge structure constructed in O(n logn) time by partitioning the plane
into eight octagonal regions per point, guaranteed to contain at least one MST without
requiring Delaunay triangulation. Zhou [3] then combined this spanning graph with
Borah et al.’s edge-substitution technique to build Steiner trees in O(n logn) time
with quality close to the Iterated 1-Steiner heuristic. Zhu et al. [4] generalized the
spanning graph to the octilinear plane for X-architecture routing, achieving up to 15%
wirelength reduction over rectilinear trees with extensibility to arbitrary λ -geometries.
Long et al. [5] proposed EBOARST, which adapts the spanning graph framework to
obstacle-avoiding environments through an obstacle-aware spanning graph (OASG)
and enhanced edge-based refinement. Lin et al. [6] independently addressed obstacle
avoidance by introducing “essential edges” in the OASG construction to improve
solution quality on single-layer designs. Lin et al. [7] extended the approach to
multilayer obstacle avoidance (ML-OARSMT), showing that cross-layer paths and via
costs require a fundamentally different spanning graph construction than the single-
layer case. Wang et al. [8] further generalized this to region-to-region connections in
multilayer designs. For 3D ones, Lee et al. [9] proposed a rectilinear and octilinear
SMT algorithm for multidimensional environments, though without the spanning
graph framework.

Lin and Kim [10] constructed all possible multilayer RSMTs on the 3D Hanan
grid for monolithic 3D ICs by enumerating topologies for small nets, targeting MIV
insertion rather than heuristic construction for large instances.

Yan et al. [11] addressed timing-driven 3D Steiner tree construction using
hidden Steiner-point assignment across layers with Elmore delay optimization,
achieving 9.7%–16% delay improvement. Tang et al. [12] provides a comprehensive
survey of Steiner tree construction and global routing algorithms for VLSI design. In
the previous work [13], coarse-grained parallelization of 2D RMST construction was
investigated, and in [14] the extension of RSG construction to 3D using 48 spatial
regions with coarse grained parallelization was presented.

In this work, a parallel 3D Steiner tree algorithm is proposed that builds on the
3D RSG from prior work. For 3D integrated circuits, Steiner tree construction must
account for vertical connections through TSVs, as modern 3D ICs stack multiple dies
with TSVs providing inter-die connectivity. The problem becomes more complex,
because TSVs are physical structures requiring dedicated silicon area, so TSV posi-
tions from different nets cannot overlap.

In this paper, a parallel algorithm for 3D rectilinear Steiner tree construc-
tion is proposed. The main contributions are applying Steiner tree construction
in 3D space, replacing Tarjan’s sequential LCA algorithm [15] with an Euler tour
combined with a RMQ data structure to enable independent parallel LCA queries
and parallel gain calculation, introducing centroid-based tree partitioning to allow
concurrent processing of independent edge substitutions, and demonstrating a TSV-
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aware multi-net routing framework that dynamically determines and tracks TSV
positions to avoid conflicts between nets.

Main Algorithm. The proposed approach begins by constructing a Minimum
Spanning Tree from the RSG edges using Kruskal’s algorithm. Fig. 1 visualizes the
MST constructed based on the spanning graph using Kruskal’s algorithm. During
this process, a merging binary tree is simultaneously built. When Kruskal’s algorithm
merges two components by adding edge (u,v), an internal node is created in the
merging tree that represents this edge. The weight stored at this internal node is
the weight of edge (u,v). The leaves of the merging tree correspond to the original
input points. This merging tree has the property that the LCA of any two leaf nodes
corresponds to the longest edge on the path between those two points in the MST. This
property is fundamental to the Steiner point identification process.

Fig. 1. The MST constructed based on the spanning graph using Kruskal’s algorithm.

After building the Kruskal merging tree, a Euler Tour is constructed by perform-
ing a DFS traversal and recording each node as it is visited. The depth of each node in
the traversal is also recorded. Using these depth values, a Sparse Table is built that
enables O(1) range minimum queries. This approach replaces Tarjan’s offline LCA
algorithm. While Tarjan’s algorithm has O(n) construction time versus the proposed
O(n logn), the key advantage is that the queries are completely read-only. In the Figs.
2 and 3 is illustrated merging binary tree and corresponding Euler tour and LCA query
process visualization.
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Fig. 2. The Merging Binary Tree.

Tarjan’s algorithm answers queries during a DFS traversal while simultaneously
modifying a union-find structure, making parallelization impossible. With Euler Tour
and RMQ, the sparse table is built once and then all queries are independent lookups,
enabling independent parallel query execution. Unlike Zhou’s algorithm [3], where
pair generation is interleaved with Kruskal’s merging, it is decoupled into a separate
stage.

After the sparse table is built, candidate pairs for Steiner point insertion are
identified. For each MST edge (u,v), all RSG neighbors of u and v are examined. Each
such neighbor p (where p 6= u and p 6= v) together with edge (u,v) forms a candidate
pair (p,u,v). For parallelization, the MST edges are divided among threads. Each
thread iterates over its assigned MST edges, looks up the RSG neighbors of both
endpoints, and collects the resulting pairs into a local vector. After all threads are
complete, the results are concatenated, a parallel sort by (p,u,v) is applied, and
duplicates are removed. Next, for each candidate pair (p,u,v), the gain is evaluated
independently using two O(1) range minimum queries on the Sparse Table to find
the bottleneck edge that would be replaced by a Steiner point insertion. The Steiner
point s is placed at the rectilinear median of p, u, and v. Since all RMQ queries are
read-only, this step is parallelized by dividing the pairs processing to separate threads.
Each thread evaluates its pairs independently and collects positive-gain candidates.
After all threads are complete, the results are merged and sorted by gain in descending
order.
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Fig. 3. LCA in merging binary tree using Euler tour and Range Minimum Query.

In the final step, the actual edge substitutions are performed. Candidates are
processed in order of decreasing gain. For each candidate, it is checked whether both
the original edge (u,v) and the longest edge (lu, lv) are still present in the active edge
set. If either has been removed by a previous substitution, this candidate is skipped.
If both edges are still active, the substitution is performed by removing the original
edge and the longest edge, and adding the Steiner point and three new edges con-
necting the Steiner point to p, u, and v. For parallelization, tree partitioning is used.
The centroid edge that splits the MST into two subtrees of roughly equal size is
found. The candidates are then partitioned into those involving only vertices in sub-
tree 1, those involving only vertices in subtree 2, and those that cross the partition.
The first two groups are processed in parallel as they not conflict with each other.
The cross-partition candidates are processed sequentially afterward. This partitioning
is limited to a single split, so as to not affect the quality of the Steiner tree construction.

As an application of the proposed algorithm, it is applied to TSV-aware multi-
net routing. The routing problem is defined as follows. Given a set of nets where each
net has pins on different dies, the goal is to connect all pins of each net using wires and
TSVs. TSV positions are not predefined. Instead, the algorithm finds TSV locations
during Steiner tree construction. Two nets cannot use the same TSV position because
TSVs occupy physical area on the chip. Dies are treated as layers in 3D space. The
z-coordinate is the die number scaled by a TSV cost factor. This scaling makes vertical
distances comparable to horizontal distances. When the Steiner tree algorithm adds a
Steiner point that connects pins on different dies, that point becomes a TSV location.
A simple data structure is used to track used TSV positions. After routing each net,
its TSV positions are stored in a set. Before routing the next net, this set is passed
to the Steiner tree algorithm. During gain calculation, if a candidate Steiner point
would create a TSV at an occupied position, the nearest available position is searched.
If no nearby position gives positive gain, that substitution is skipped. Smaller nets
are routed first. Smaller nets have fewer options and are more likely to be blocked
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by larger nets. After all nets are routed, a complete routing with no TSV conflicts is
obtained. Algorithm 1 presents the high-level structure of the proposed parallel 3D
Steiner tree construction algorithm.

Algorithm 1 Parallel 3D RST Construction (High-Level)
Require: Points P, RSG edges, number of threads T
Ensure: Steiner tree RST

1: Step 1: Build MST and Kruskal Merging Tree using Kruskal’s algorithm
2: Step 2: Build Euler Tour and Sparse Table RMQ on the merging tree. O(n logn)
3: Step 3: Parallel Pair Generation
4: Divide MST edges among T threads
5: Each thread: for each MST edge (u,v) collect RSG neighbors as candidate pairs
6: Concatenate results, parallel sort, remove duplicates
7: Step 4: Parallel LCA + Gain Calculation
8: Divide pairs among T threads
9: Each thread: query max edge on path using RMQ. O(1) per query

10: Calculate gain and Steiner point for positive-gain candidates
11: Merge results and sort by gain (descending)
12: Step 5: Parallel Edge Substitution with Tree Partitioning
13: Find centroid edge that splits tree most evenly
14: Partition candidates into: subtree-1-only, subtree-2-only, cross-partition
15: Process subtree-1 and subtree-2 candidates in parallel
16: Process cross-partition candidates sequentially
17: Merge results

Experimental Results. With this approach, significant improvements are
achieved in both quality and performance. In terms of solution quality, the pro-
posed method achieves 12–15% improvement over the MST, compared to Zhou’s
9–12% for one iteration. This represents approximately 3% additional improvement.
This quality gain is attributed to the Euler Tour + RMQ data structure, which enables
accurate evaluation of all potential Steiner point candidates. The read-only nature
of the queries ensures consistent results regardless of processing order. In Fig. 4 is
presented the time comparation of Zhou’s original algorithm and the proposed parallel
algorithm on the same rectilinear spanning graph set. In terms of performance, up to
15x speedup over the original sequential algorithm is achieved when using 16 threads.
And in Fig. 5 is shown comparation of the improvement percentages of Zhou’s and the
proposed algorithm. The parallel Steiner tree algorithm was evaluated on point sets
ranging from 1,000 to 100,000 points distributed across 3 to 4 dies. For TSV-aware
routing, the algorithm was tested on netlists with 20 to 30 nets across 4 dies. The
router successfully routes all nets with zero TSV position conflicts. For a 30-net
testcase with 27 multi-die nets, the router used 28 TSVs, which equals the minimum
required for connectivity. Fig. 6 shows the 3D visualization of a routed netlist with
wires on each die and TSVs connecting them.
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Fig. 4. Execution time comparation of Zhou’s and the proposed
parallel Euler RMQ algorithms.

Fig. 5. Solution improvement comparation of Zhou’s and the proposed
parallel Euler RMQ algorithms for one iteration.

Fig. 6. 3D visualization of TSV-aware multi-net routing result.



98 KHACHATRYAN R. N.

Conclusion. A parallel 3D Rectilinear Steiner Tree construction algorithm has
been proposed. Building on the 3D RSG from prior work, the main contributions
are replacing Tarjan’s sequential LCA algorithm with Euler Tour and RMQ to enable
parallel gain calculation, and using centroid-based tree partitioning for parallel edge
substitutions. Experimental results show that the proposed algorithm achieves up to
15 times speedup with 16 threads and approximately 3 percent quality improvement
over the sequential algorithm. As an application, TSV-aware multi-net routing was
demonstrated, where TSV positions are determined during Steiner tree construction
and tracked to avoid conflicts between nets. Future work includes extending the
algorithm to handle routing obstacles and incorporating timing constraints.
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KMAXQAYIN GRAFNERI VRA HIMNVA
 3D OW��ANKYOWN


TEYNERI 
A�I ZOWGAHE� KA�OWCOWM


teyneri �a�i ka�owcowm� GMIS-i fizikakan naxag�man himnarar

xndir �: 3D Tara�ow�yan hangowycneri bazmow�yan depqowm npatakn �

bolor hangowycner� miacnel nvazagowyn �ndhanowr meta�alari erkarow-

�yamb` hnaravorow�yan depqowm �gtagor�elov lracowci� 
teyneri keter:

Ays xndir� hatkapes kar or � da�nowm �amanakakic 3D integral

sxemanerowm, orte� ow��ahayac kaper� irakanacvowm en TSV-neri
mijocov: Qani or TSV-ner� zba�ecnowm en �ankar�eq silikonayin

tara�ow�yown, nranc dirqer� petq � xnamqov oro�ven  het ven` tarber

���aneri mij konfliktneric xowsa�elow hamar:
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Himnvelov naxkin a�xatanqowm a�ajarkva� 3D ow��ankyown

kmaxqayin grafi vra` ays a�xatanq� nerkayacnowm � 3D ow��ankyown


teyneri �a�i zowgahe� ka�owcman algori�m: A�xatanqi himnakan

nerdrowmnern en het yal�: A�ajin�` zowygeri � avorman gor��n�acn

a�an�nacvel � Krowskali algori�mic: Erkrord�` Tar�ani hajordakan

amenamot �ndhanowr naxnow (LCA) algori�m� �oxarinvel � �yleri

�rjagayow�yan texnikayov` zowgakcva� tirowy�i nvazagowyni harcman

(RMQ) tvyalneri ka�owcva�qi het, in�� �owyl � talis arag  ankax

zowgahe� LCA harcowmner: Baci ayd, nerdrvel � kentronoid-himnva� �a�i

ba�anman me�od, or� hnaravorow�yown � talis ko�eri �oxarinowmner�

ha�varkel zowgahe�  ankax:

A�ajarkva� algori�m� hasnowm � min� 15-apatik aragacman 16

hosqerov` hamemata� hajordakan tarberaki het` pahpanelov low�man

orak�: Orpes kira�ow�yown cowcadrvowm � TSV-eri dirqer� ha�vi a�no�

bazma���ayakan �ragrowm, orte� die-er� ditarkvowm en orpes 3D
tara�ow�yan �erter, isk TSV-eri dirqer� dinamikoren oro�vowm en


teyneri �a�i ka�owcman �n�acqowm  het vowm` ���aneri mij 

konfliktner� kanxelow hamar:

Р. Н. ХАЧАТРЯН

ПАРАЛЛЕЛЬНОЕ ПОСТРОЕНИЕ 3D ПРЯМОЛИНЕЙНОГО ДЕРЕВА
ШТЕЙНЕРА НА ОСНОВЕ ОСТОВНЫХ ГРАФОВ

Построение дерева Штейнера является фундаментальной задачей
физического проектирования СБИС. При наличии множества контактов
(pins) в 3-мерном пространстве целью является соединение всех контак-
тов проводниками минимальной суммарной длины, возможно, с использова-
нием дополнительных точек Штейнера. Эта задача особенно важна
в современных трехмерных интегральных схемах, где вертикальные
соединения реализуются через сквозные кремниевые переходные отверстия
(CПО). Поскольку CПО занимают ценную площадь кремния, их позиции
должны тщательно определяться и отслеживаться для предотвращения
конфликтов между различными цепями.

Опираясь на 3D ортогональный остовный граф, предложенный в
предыдущей работе, в данной статье представлен параллельный алгоритм
построения 3D ортогонального дерева Штейнера. Основная новизна работы
заключается в следующем. Во-первых, процесс генерации пар отделен
от алгоритма Крускала. Во-вторых, последовательный алгоритм поиска
ближайшего общего предка Тарьяна (LCA) заменен на технику Эйлерова
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тура в сочетании со структурой данных RMQ (поиск минимума в диапазоне),
что позволяет выполнять быстрые и независимые параллельные запросы
LCA. Кроме того, введен метод разбиения дерева на основе центроидов,
который позволяет параллельно и независимо вычислять замены ребер.

Предложенный алгоритм достигает ускорения до 15 раз при
использовании 16 потоков по сравнению с последовательной версией,
сохраняя при этом качество решения. В качестве приложения демонстри-
руется система многопутевой трассировки с учетом CПО, в которой
кристаллы (dies) рассматриваются как слои в 3D-пространстве, а позиции
CПО динамически определяются в процессе построения дерева Штейнера
и отслеживаются для предотвращения конфликтов между цепями.


