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Chung–Yao Lagrange Interpolation. For x = (x1, . . . ,xk), y = (y1, . . . ,yk) ∈
Rk and multi-index α = (α1, . . . ,αk) ∈ Zk

≥0, we adopt the standard multi-index
notation:

x · y =
k

∑
i=1

xiyi, xα =
k

∏
i=1

xαi
i , |α|=

k

∑
i=1

αi, α! =
k

∏
i=1

αi!.

The space of polynomials of total degree at most n in k variables is

Π
k
n =

{
∑
|α|≤n

cα xα

}
, dimΠ

k
n =

(
n+ k

k

)
=: N.

Let Lm = {L1, . . . ,Lm} be a collection of (k− 1)-dimensional hyperplanes
in Rk.

Denote by Im
k the set of all strictly increasing k-tuples from {1, . . . ,m}:

α = (α1, . . . ,αk) ∈ Im
k ⇐⇒ 1≤ α1 < · · ·< αk ≤ m.

D e f i n i t i o n. The family Lm is in general position if:
(i) the intersection of any k distinct hyperplanes is a single point;
(ii) the intersection of any k+1 distinct hyperplanes is empty.

If only condition (i) is satisfied, we say that Lm is admissible.

The intersection points are denoted
xα := Lα1 ∩·· ·∩Lαk , α ∈ Im

k .

Note that condition (ii) means that all points xα are distinct.
Assume now that Ln+k = {L1, . . . ,Ln+k} is in general position. Then there are

exactly N =
(n+k

k

)
distinct intersection points. To simplify notation, we assume that

the hyperplane Li is given by a linear equation Li(x) = 0, that is, Li ∈Πk
1.
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T h e o r e m 1. [1]. For any data {cα : α ∈ In+k
k } there exists a unique p ∈Πk

n
such that

p(xα) = cα ∀α ∈ In+k
k . (1)

Note that the fundamental polynomial of xα is

p?α(x) =
1

Aα

n+k

∏
i=1
i/∈α

Li(x),

where Aα is the normalizing constant, so that p?α(xα) = 1.
Then the Lagrange formula gives the polynomial satisfying (1):

p(x) = ∑
α∈In+k

k

cα p?α(x). (2)

Hermite Interpolation. Now assume that Ln+k is admissible only. Let

X= {x(1), . . . ,x(s)}

be the set of all distinct intersection points of the hyperplanes of Ln+k.
Define multiplicity of x(i) as

mi = #{ j : x(i) ∈ L j, 1≤ j ≤ n+ k}− k+1.

Denote for α = (α1, . . . ,αk) ∈ Zk
≥0

Dα f =
∂ |α|

∂x1α1 · · ·∂xk
αk

f .

The Hermite interpolation data consists of the values of all partial derivatives
up to the order mi−1 of a polynomial at each point x(i).

We say a point x(i) is simple, if its multiplicity equals to 1. Note that at a simple
point only the value of a polynomial is interpolated.

Below we present the Hermite multivariate polynomial interpolation in the
framework of the Chung–Yao approach.

T h e o r e m 2. (Th. 3, [2]). For any data {cα
i : 1 ≤ i ≤ s, |α| ≤ mi− 1}

there exists a unique p ∈Πk
n satisfying

Dα p(x(i)) = cα
i ∀1≤ i≤ s, ∀|α| ≤ mi−1. (3)

In the Lagrange case of Chung–Yao interpolation we have formula (2) for
the interpolation polynomial satisfying the conditions (1). To my knowledge, in the
case of Hermite, there was previously no formula for the interpolation polynomial
satisfying the conditions (3).

Next we discuss the problem of finding a formula for the latter polynomial.
New Hermite Multivariate Interpolation Formula. Let f be sufficiently

smooth. The Taylor polynomial of total degree m for f at c ∈ Rk is

T f ,c,m(x) = ∑
|α|≤m

Dα f (c)
α!

(x− c)α .
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It satisfies the conditions

DαT f ,c,m(c) = Dα f (c) ∀|α| ≤ m. (4)

Define the global vanishing polynomial

φ(x) =
n+k

∏
j=1

L j(x)

and the corresponding polynomial vanishing outside the point x(i)

φi(x) =
n+k

∏
j=1

x(i) /∈L j

L j(x).

Let p f ∈Πk
n be the unique Hermite interpolant of f , i.e.

Dα p f (x(i)) = Dα f (x(i)) ∀1≤ i≤ s, ∀|α| ≤ mi−1.

P r o p o s i t i o n . Let Ln+k be admissible. Then the following explicit formula
holds:

p f (x) =
s

∑
i=1

φi(x) ·T f/φi,x(i),mi−1(x). (5)

Let us call this Lagrange–Taylor formula.
P ro o f. It suffices to show that each fixed term

pi(x) := φi(x) ·Ti, where Ti := T f/φi,x(i),mi−1(x)

satisfies the following two groups of conditions.
1. Vanishing at other points x(r), r 6= i, up to total order mr−1. Indeed, exactly

mr + k−1 hyperplanes from L pass through x(r). At most k−1 of them can also pass
through x(i) (since otherwise x(r) = x(i)). Therefore, at least mr linear factors of φi

vanish at x(r). So all derivatives of pi up to order mr−1 vanish at x(r).
2. Correct reproduction at x(i) up to total order mi− 1. By the multivariate

Leibniz rule,

Dα pi(x(i)) = ∑
β≤α

(
α

β

)(
Dβ

φi
)
(x(i)) ·

(
Dα−βTi

)
(x(i)). (6)

Since |α| ≤ mi − 1 and Ti reproduces all derivatives of f/φi up to order
mi−1 at x(i), we have

Dα−βTi(x(i)) = Dα−β

(
f
φi

)
(x(i))

for every term in the sum (6). Therefore,

Dα pi(x(i)) = Dα

(
φi ·

f
φi

)
(x(i)) = Dα f (x(i)).

This completes the Proof.
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HERMI�I BAZMA�A� MIJARKAYIN BANA�EV
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ФОРМУЛА МНОГОМЕРНОЙ ИНТЕРПОЛЯЦИИ ЭРМИТА

Мы представляем новую формулу для задачи многомерной
интерполяции Эрмита в рамках подхода Чанга–Яо.
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