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A proper edge-coloring of a graph G is a mapping o : E(G) — N such that
o(e) # a(e’) for every pair of adjacent edges e and ¢’ in G. If & is a proper edge-
coloring of G and v € V(G), then S (v, &) denotes the set of colors appearing
on edges incident to v. A proper edge-coloring ¢ of a graph G with colors
1,...,t is called a near-interval t-coloring if all colors are used, and for each
vertex v € V(G), Sg(v, @) is an interval of integers with no more than one gap.
If a graph G has such a coloring, the minimum number of colors in a near-
interval coloring of a graph G is denoted by w'(G). It is known that all complete
bipartite graphs admit near-interval colorings. In this paper, we determine or
bound the parameter w! (K, ,) (m,n € N) for complete bipartite graphs.
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Introduction. We use [1, 2] for terminology and notation not defined here.
All graphs considered are finite, undirected, and contain no loops or multiple edges.
V(G) and E(G) denote the sets of vertices and edges of a graph G, respectively.
If S CV(G), then G[S] denotes the subgraph of G induced by S. The degree of a vertex
v € V(G) is denoted by dg(v), the maximum degree of G by A(G), the chromatic
index of G by x'(G), and the diameter of G by diam(G). An (a,b)-biregular bipartite
graph G is a bipartite graph G with the vertices in one part all having degree a and the
vertices in the other part all having degree b.

A proper edge-coloring of a graph G is a mapping « : E(G) — N such that
o(e) # a(e) for every pair of adjacent edges e and ¢’ in G. If « is a proper edge-
coloring of G and v € V(G), then Sg (v, ) (or S(v,a)) denotes the set of colors
appearing on edges incident to v. If o is a proper edge-coloring of a graph G and
v € V(G), then the smallest and largest colors of S (v, &) are denoted by S (v, ¢t) and

S (v, ), respectively. A near-interval t-coloring (or interval (t,1)-coloring) [3,4]

* E-mail: petros_petrosyan@ysu.am
** E-mail: vahagn.tsirunyan@ysu.amn


https://doi.org/10.46991/PYSUA.2026.60.1.005
petros_petrosyan@ysu.am
vahagn.tsirunyan@ysu.am

6 PETROSYAN P. A, TSIRUNYAN V. D.

of a graph G is a proper edge-coloring o with colors 1,...,t of G such that all
colors are used, and the colors of the edges incident to each vertex v satisfy the
following condition: dg(v) —1 < S(v,at) —S(v,a) < dg(v). A graph G is near-
interval colorable, if it has a near-interval ¢-coloring for some positive integer ¢.
The set of all near-interval colorable graphs is denoted by 91!. For a graph G € 0N,
the minimum number of colors in a near-interval coloring of a graph G is denoted
by w!(G). A proper edge-coloring « of a graph G with colors 1,...,t is called an
interval t-coloring [5, 0], if all colors are used, and for each vertex v € V(G), Sg(v, o)
is an integer interval. A graph G is interval colorable, if it has an interval ¢-coloring
for some positive integer ¢. The set of all interval colorable graphs is denoted by 1.
For a graph G € 1, the minimum number of colors in an interval coloring of G is
denoted by w(G). Clearly, if G € N, then G € N' and w!(G) < w(G).

The concept of near-interval colorings of graphs was introduced by Petrosyan
and Arakelyan in 2007 [4] as a natural generalization of interval colorings of graphs
[5, 6]. There are many papers devoted to interval colorings of graphs, in particu-
lar, surveys on the topic can be found in some books (see, for example, [1, 7-9]).
In [4], Petrosyan and Arakelyan proved, that if G is a connected graph and it has a
near-interval z-coloring, then ¢t < (diam(G) + 1) A(G) + 1; moreover, if G is also bi-
partite, then # < diam(G)A(G) + 1. The authors also noted, that if G is a regular graph,
then G € 9! and w!'(G) = x/(G). In [3], Petrosyan, Arakelyan and Baghdasaryan
provided upper bounds on the number of colors in near-interval colorings of
simple graphs in terms of number of vertices. In particular, they proved that if G is
a connected simple graph and it has a near-interval #-coloring, then r < 2|V (G)| — 1.
Moreover, they showed that the coefficient in the previous upper bound cannot be
improved, in fact they proved that the complete graph K, (n > 2) has a near-interval
t-coloring if and only if y’(K,) <t < 2n— 3. In [3], the authors also proved that all
subcubic graphs are near-interval colorable, but for any positive integer A > 24, there
exists a bipartite graph G with maximum degree A and without near-interval colorings.
In [10, 1 1], near-interval colorings of bipartite graphs were studied. In particular,
Casselgren and Toft [1 1] proved that all (3,5)-biregular and (4,6)-biregular bipartite
graphs have near-interval colorings. In [10], Petrosyan, Khachatrian and Mamikonyan
showed that all bipartite graphs with maximum degree 4 have near-interval colorings.
Moreover, they also proved that some classes of bipartite graphs with maximum degree
5 and 6 have near-interval colorings. In particular, they showed that if G is a bipartite
graph with A(G) = 5 and without a vertex of degree 3, then G € 9! and w'(G) =5,
and if G is a bipartite graph with A(G) = 6 that has a 2-factor, then G € 0! and
w! (G) = 6. Recently, Casselgren, Matafiejski, Pastuszak and Petrosyan [12] proved
that all simple graphs with maximum degree at most 4 and all Class 1 graphs with
maximum degree at most 5 and no vertex of degree 3 have near-interval colorings, but
for any positive integer A > 18, there exists a simple bipartite graph G with maximum
degree A and without near-interval colorings. Moreover, they also proved that for sub-
cubic graphs G, the problem of determining the exact value of w!(G) is NP-complete.
For bipartite graphs, Casselgren, Matafiejski, Pastuszak and Petrosyan showed that all
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bipartite multigraphs with maximum degree at most 5 admit near-interval colorings,
and for any positive integer A > 15, there exists a bipartite multigraph G with
maximum degree A and without near-interval colorings. In the same paper,
they also gave a new upper bound on w! (Kn,n) for complete bipartite graphs K,,, ,,
and suggested the problem of determining the exact value of wl(l(,n,n) for any
m,n € N as an open problem.

In this paper, we focus on the problem of determining the exact value of
w! (Kn,n) for any m,n € N. In particular, in the present paper, we determine or bound
the parameter w! (K, ,) (m,n € N) for complete bipartite graphs.

Main Results. For two positive integers a and b with a < b, the set
{a,a+1,...,b} is denoted by [a,b]. For two integers a and b, the greatest common
divisor of @ and b is denoted by gcd(a,b).

In 1989, Kamalian proved the following result.

Theorem 1. [/3]. Forany m,n € N, we have
w(Kmn) =m~+n—ged(m,n).

Recently, Casselgren, Matafiejski, Pastuszak and Petrosyan [12] obtained a
similar result for near-interval colorings of complete bipartite graphs. In particular,
the following result was derived.

Proposition 1. [/2]. Forany m,n € N, we have
w! (Kpn) < m-+n+min{—ged(m,n),1 —ged(m+1,n),1 —gcd(m,n+1)}.

In the same paper [12], the authors suggested the problem of determining the
parameter w! (K, ,) of complete bipartite graphs as an open problem. We begin our
considerations with a slight improvement of Proposition 1.

Proposition 2. For any m,n € N, we have
w!(Kpn) <m-+n+min{—ged(m,n), 1—ged(m+1,n),
1—ged(m,n+1), 2—ged(m+1,n+1)}.
Proof. Letus note that for the proof it is necessary to show that
w! (Kpp) <m+n+2—gedim+1,n+1).

Let us consider the complete bipartite graph K, 1,4+1. Clearly, K, ,
can be obtained from K11 ,4+1 by removing one vertex from each of the parts.
Since, by Theorem 1, w(Kip41,041) =m~+n+2—ged(m+ 1,n+ 1), we obtain

w! (Kpp) <m+n+2—ged(m+1,n+1).
Using this and taking into account the upper bound in Proposition 1, we have
w!(Kpn) <m-+n+min{—ged(m,n), 1—ged(m+1,n),
1—ged(mn+1), 2—ged(m+1,n+1)}.
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Corollary 1. For any nym € N withm <nandn+1=0 (mod m+ 1),
we have
n<wH(Kp,) <n+1.

Our next result gives some bounds on w! (K, ) for many cases of m and n.
Theorem 2. Forany n,k € N, we have
2kn < wh (Ko —2.2kn) < 2kn-+n—2.
Proof. First of all, clearly,
w! (Kan—2,2n) > X' (Kon—2,2kn) = A(Kop—2,2kn) = 2kn.

Let us now prove that w' (Kan—2,2kn) < 2kn+n—2.
Let G = K, 2, and denote its bipartition by

X={a ) Y={j1<i<k 1<j<m).
We decompose the graph G into k subgraphs as follows:
Gi=G[XU{Lh bt
Gy =GXUY, ... 5.0

Clearly, for each r € {1,...,k}, G, is isomorphic to Kz, 2,. For each
re{l,...,k}, we define an edge-coloring " of G, as follows: for 1 <i<2n—2
and 1 < j <2n, let

i+j—1, if1<i<n—1and 1<j<2n;
o (xiy) =S i+ j, if n<i<2n—2 and 1< j<n;
i+j—2n, if n<i<2n—-2and n+1<j<2n

Let us show that for each r € {1,...,k}, & is a near-interval (3n — 2)-coloring
of G,.

By the definition of " (1 < r < k), we have

a) for1<i<n-—1,

Se, (xi, o) =[i, i+2n—1];
b) forn<i<2n-2,
Sg, (xi, &")=[i+ 1, i+nUli—n+1,i|=[i—n+1, i+n];
c) forl<j<n,
S6, (¥ &) = Se, Vo &)
=[j,j+n—=21Ulj+n, j+2n—-2]=1[j, j+2n—2]\{j+n—1}.

This implies that for each r € {1,...,k}, o is a near-interval (3n — 2)-coloring
of G, (Tab. 1).
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Table 1

The near-interval 10-coloring o' of Ko 3

1

YIo¥s vi vk vE yr %
x| 1 2 3 415 6 7 8
xn |2 3 4 516 7 8
x303 4 5 6|7 8 9 10
x4 |5 6 7 8|1 2 3 4
x| 6 7 8 912 3 4 5
x| 7 8 9 1013 4 5 6
We now define an edge-coloring o of G as follows: for each r € {1,...,k}

and e € E(G,), let
ale)=a’(e)+2n(r—1).

It is easy to check that & is a near-interval (2kn +n — 2)-coloring of G (Tab. 2).
Table 2

The near-interval 12-coloring o of K4 12

yiovh vy vh b vl v 3| i v e
|1 2 3|4 5 6 8 910 11 12
w2 3 4|5 6 708 9 1011 12 13
a4 5 61 2 3/10 11 12]7 8 9
w|5 6 702 3 4011 12 13/8 9 10

O]

Corollary 2. Forany p € N, there exists a graph G such that G € ) and
w(G) —w!(G) > p.
Proof. Foragiven p € N, let G = K3p;22p+4. Since ged(2p+2,2p+4) =2,

by Theorem 1, G € M and w(G) =4p+4.
On the other hand, by Theorem 2, we obtain that

wl(G) <3(p+2)—2=3p+4.
This implies that w(G) —w!(G) > p. O

Our final result determines the exact value of w!(K,,,) for many cases
of m and n.

Theorem 3. Forany n,k,c € N with c <k, we have
w! (Kn,(n-‘rl)k—c) =(m+1k—c.



10 PETROSYAN P. A., TSIRUNYAN V. D.

Proof. Let G =K, 11— and denote its bipartition by
X={xt,...,x},Y={:1<i<c,1<j<nju{yfic+1<i<k1<j<n+1}.
We decompose the graph G into k subgraphs as follows:

G = G[XU{y],33, -3}
Gy =GXU{T.55, -}

Ge=G[XU{HSHS, .05
Ger1 =G[XULHT 5t

Gea = G[X U205, s

G = G[X U {yllcaylgv s ayﬁ—l—l }] .

Clearly, for each g € {1,...,c}, G, is isomorphic to K, , and for each
re{c+1,...,k}, G, is isomorphic to K, .. For each ¢ € {1,...,c}, we define
an edge-coloring a? of G as follows: for 1 <i<nand 1 < j<n,let

al (x,y?) =(i+j) (modn)+1.

Clearly, for each g € {1,...,c}, a? is an interval n-coloring of G, and for any
vertex v € V(G),
Sa, () = {1,2,...,n} =[1,n].
For each r € {c+1,...,k}, we define an edge-coloring 3" of G, as follows:
forl<i<nand1<j<n+1,let
B (xy;) = (i+j) (mod (n+1))+1.
Clearly, B is a proper edge-coloring with colors 1,2,...,n+ 1.

By the definition of B” (c+ 1 < r < k), we have
a) forl<i<n,

Sg, (xi,B7) ={1,2,...,n+1} =[1,n+1];
b) for1<j<n+1,
Se, (v B") ={1,2,....n+1}\{j (mod (n+1))+1}
=[Ln+1\{j (mod (n+1))+1}.
This shows that for each r € {c+ 1,...,k}, B” is a near-interval
(n+ 1)-coloring of G,.
We now define an edge-coloring y of G as follows: for each e € E(G), let
(o) = al(e)+(i—1)n, ifec E(G;)and 1 <i<c,
4 Bi(e)+ne+(i—c—1)(n+1), ifecE(G)andc+1<i<k.
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It is not difficult to see that y is a proper edge-coloring of G with colors
1,2,...,k(n+ 1) — ¢ such that for any vertex x; € V(G) (1 <i <n)

Sxi,y) ={1,2,...;k(n+1)—c} =1, k(n+1) —c|,

and for any vertex yé. eV(G) (c+1<I<k, 1<j<n+1),S (yi-,y) is an interval

of integers with no more than one gap (Tab. 3).

O]

Table 3

The near-interval 10-coloring ¥ of K3 10

G Gy G;
yiovh iy v i v o a
w3 1 2|6 4 5|9 10 7 38
w1 2 34 5 610 7 8 9
xsl2 3 105 6 47 8 9 10

Corollary 3. For any n € N, there exists m' such that for any m € N

with m > m', we have
1
w (Kpn) = m.

Conclusion. This work is devoted to the study of near-interval colorings of
complete bipartite graphs. In particular, new upper bounds and exact values of
w' (Kynn) were obtained for some families of complete bipartite graphs.

The main results obtained in this work are the following:

e for any m,n € N, we have

w! (Kypn) < m+n+min{—ged(m,n),1 —ged(m+ 1,n),
1 —ged(m,n+1),2—ged(m+1,n+1)};
e forany n,k € N, we have
w! (Kan—2,2) < 2kn+n—2;
e forany n,k,c € N with ¢ < k, we have

w! (Kn,(n-‘rl)k—c) = (l’l+ l)k —cC.
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M. U MESrNU3UL, J. . ob,AFL3UTL

LOPJd 6AUUNNUULD GLUEDLENE SUUUNMSU UbQULUSLUSHL UNNUSHhUL

verunruLer

« : E(G) — N wpypuuyuipytipnuip Yngfnd £ G gpudbh 6hoyp Ynnuyght

btpynuy, tpb guwiugwd tpym hwplwb e,e’ € E(G) Ynntph hwdwp o(e) #

ofe

"): G gqpudh a Ghoyp Ynnuyhl Ghpluwd ntiypnid v ququipht Yhg Ynntiph

qnyitiph puqumpymbp Yopwbwykbp Se(v,a)-ny: G gnudh o Ghoyp Ynnuyhl
bbpynuip Yngymud b hwdwpw dhowluwypuypli hbpynid, Gpbt pninp gnybbpp
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ogugnpdywd L, U judwjwlui v € V(G) ququph hwdwp Sg (v, o) puqinipyni-
Op Juqunud £ wnwybtijugnytip vkl ywlwunn gnyinyg wdpnne pytiph dhowljuyp:
Bpb G qnudt mih hmdwpyuw dhewjuypwyht Ghipynd, wyw wyn thpynudbtpmuy
dwubwlgnn  gnybbph  ©uqugnyl pwiwlp  Yoowhwykip w!(G)-nd: Wu
wphuwpuilipmy wpugyty ko w!(K,,) (m,n € N) wqupudtipph qiwhunpuljub-
utip b 62gnhy wpdtipttip |phy tpyynndwih gpudbtiph npny pbyrubhpbtnh hwdwp:

II. A. HETPOCYH, B. JI. TUPYHIH

[IOYTU MHTEPBAJIBHBIE PEBEPHBIE PACKPACKUM IIOJIHBIX
JABYIOJIBHBIX T'PA®OB

Orobpaxkenne o : E(G) — N wHasbiBaercs NpaBuibHON peGepHOit
packpackoii rpada G, eciu juid J1000i mapbl cMexKHbIX pebep e u ¢ rpada G
BoINoOJHsIeTCst yeaosue o(e) # a(e'). Eciu o — npasmwibias pebephas packpacka
rpada G u v € V(G), to depe3 Sg(v,0) 0603HAUNM MHOKECTBO IIBETOB pebep,
UHIWJICHTHBIX Bepiiuue v. IlpasuiabHas peGepHast packpacka o rpada G
HA3BIBACTCA NOYMU UHMEPEaavholi t-packpackoti epaga G, ecim KaxKIplii U3
{ UBETOB UCIHOJIb30BaH U i Jiiobol Bepmuubl v € V(G) muokecTBO S(V, (X)
obpasyeT MHTepBaJ IEJbIX Yuce] ¢ He GoJjiee 9eM OJHMM HpPOIyCKoM. KEcmm
rpacd G 06/1a1a€T TaKOil pacKpacKoil, TO MEHUMAJILHOE 9UC/IO IIBETOB B IIOYTH
WHTEpBAIbHON pebepHoii packpacke rpacda G obosmaumm uepes w!(G).
M3BeCcTHO, 9TO BCe MOJIHBIE IBY/I0JbHBIE padbl 00J1a1a0T IOYTH HHTEPBAILHOI
pebepHoOit packpackoit. B HacTosiImeit pabore MoJrydeHbl HEKOTOpPbIE TOYHBIE
snadenus u onenku napamerpa w! (K, ,) (m,n € N) noubIx asy101bHex rpados.



