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A sum edge-coloring of a graph is an assignment of positive integers to
the edges of the graph, so that adjacent edges correspond to different numbers
(colors) and the sum of the numbers on all the edges is minimum possible.
This minimum possible sum is called the edge-chromatic sum of the graph,
and the minimal number of colors needed for a sum edge-coloring is called the
edge-strength of the graph. In this paper, we give the exact values of the edge-
chromatic sums and edge-strengths for cycle powers and generalized cycles.
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Introduction. Concepts used in this paper that are not defined should be
assumed to match the terminology of West from [1]. The graphs considered in this
paper are finite, undirected, and simple.

An assignment o of positive integers to the edges of the graph G is called
a proper edge-coloring, if all adjacent edges e and ¢ satisfy o(e) # ot(e’). The
minimum number of colors needed to construct a proper edge-coloring is called the
edge-chromatic index of the graph G and is denoted by x'(G). For proper edge-
coloring o we denote Y '(G,a) = Y a(e). The minimum possible ) (G, )

ecE(G
among all proper edge-colorings of G is éa{led the edge-chromatic sum of the graph G
and is denoted by }'(G). Proper edge-colorings o, for which } (G, ) = Y /(G),
are called sum edge-colorings, and the minimum number of colors needed to construct
a sum edge-coloring for a graph G is called the edge-strength of G and is denoted by
s'(G). Obviously, s'(G) > x'(G).

For positive integers n and m, where n > 3, we define a generalized cycle C,,(m)
as a graph with the vertex set V(C,(m)) = {V!,V?,..,V"}, where V/ = {v | j €
1,2,...,m} for i € 1,2,...,n, and the edge set E(C,(m)) = {uv | u € Vi,v € Vil
i =1,2,...,n}. Here and henceforth, by V"1 we will mean V!. An example of a
generalized cycle is illustrated in Fig. 1.

* E-mail: hamlet.miqayelyan@ysu.am


https://doi.org/10.46991/PYSUA.2026.60.1.014
hamlet.miqayelyan@ysu.am

ON SUM EDGE-COLORINGS OF SOME REGULAR GRAPHS. 15

For positive integers n and m, where n > 3 and 2m+ 1 < n, we define a
cycle power graph C)' as a graph with the vertex set V(C)') = {vi,va,...,vn}
and the two vertices v; and v; (i < j) of which are connected by an edge
ifand only if j —i <mor j—i > n—m. An example of a cycle power is illustrated
in Fig. 2.

The sum edge-coloring problem was introduced by Bar-Noy et al. in 1998 [2].
The problem is shown to be NP-hard [2], even for very specific classes of graphs
such as regular graphs [3] and bipartite graphs with maximum degree 3 [4] and
even for some more specific class of graphs within the latter [5]. There are also
known approximation algorithms, for example, there is a 2-approximation algorithm

11
for general graphs [2], —-approximation algorithm for regular graphs [5]. In [5],

an upper bound of the edge-chromatic sum of some split graphs is also given.

There is a foundational theorem in graph coloring theory, proved by Vizing,
which states that for any graph G, A(G) < x'(G) < A(G) + 1, and according to that
distinction, graphs for which x’(G) = A(G) are called Class 1 graphs, while the graphs
for which '(G) = A(G) + 1 are called Class 2 graphs.

For the edge-strength parameter of graphs, a theorem similar to Vizing’s
is proven by Hajiabolhassan:

Theorem 1. [6]. For any graph G, A(G) <s5'(G) < A(G) + 1.

Salavatipour [3] proved that deciding whether s'(G) = A(G) or
5'(G) = A(G) + 1 is NP-complete even for regular graphs.

Note that simple cycles C, are regular graphs, for which the edge-chromatic sum
can be easily computed and the edge-strength depends on the parity of n. Parker [7]
defined regular graphs C,(m) that are generalizations of simple cycles, and provided
the exact values of x'(C,(m)):

Theorem 2. [7]. The generalized cycle C,(m) is Class 1 if and only if nm
is even.

Another family of regular graphs, for which the chromatic index is known, are
powers of cycles:

Theorem 3. [8]. The graph C}}' is Class 1 if and only if n is even.

The current work gives the exact values of the edge-chromatic sum and edge-
strength parameters for the graphs C,(m) and CJ'’.

We will also use the following lemma and theorem:

Lemma. [9]. For a graph G with s'(G) > 2 and any k € N that satisfies
2 <k < 5(G), we have:

x40 -45 1| VO] )  HO=DEIG k)
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For referencing the following theorem, we define a complete tripartite graph as
follows: for any natural numbers n,m, and [, we define the complete tripartite graph
K, m, as a graph with the vertex set

V(Kpmi) ={v1,V2, e, Vi, U1, U2, ooy U, W1, W2, o Wy }
and the edge set
E(Kymp) ={viuj: 1 <i<n 1 <j<m}U{viw;:1<i<n1<j<I}
Ufuw;: 1 <i<m,1 <j<I}.
Theorem 4. [9]. Foranyoddn e N,

, _ n(2n+1)(3n+1)
Z (Kn,n,n) = B .

Moreover, a sum edge-coloring B, does not use the color 2n+ 1 in edges
uw; (1 <i,j<n).

Generalized Cycles.

Fig. 1. Generalized cycle Cs(2).

Here we give a theorem that gives the exact values of the edge-chromatic sum
and edge-strength of generalized cycles.

Theorem 5. Foranyn >3, m> 1, we have:

2
2 1
e 2mE1) e is even,

Z,(C”(m)) - m(nmz—f— 1(2m+1)

, otherwise,

and
2m, if nm is even,

s'(Ca(m)) = {

2m+ 1, otherwise.
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Proof. If nmis even, then from Theorem 2 we have that the graph is Class 1,
so there is a proper edge A(C,(m)) = 2m-coloring a of C,(m). Since each vertex is

incident to exactly 2m edges, all 2m colors appear on edges incident
) ) V(Cy(m)) nm
to each vertex. This means that each color is used — s =5 times.
2
Hence, Z’(Cn(m),oc) = nm’® + % On the other hand, from Lemma
2
Z’ (Cu(m)) > nm® + % Hence, it remains the case, where both n and m are
odd.

In this case, Theorems 1 and 2 give us that s'(C,(m)) = 2m+ 1. If we put
1)(2 1
k = 2m + 1 in Lemma, we obtain Z’(Cn(m)) > m{am +1)(2m + )

- 2
1)(2 1
In order to prove that Z’ (Cu(m)) < minm+1)(2m+1) , We construct a correspon-

ding sum edge 2m + 1-coloring. We do an induction on # and construct a coloring
o, that satisfies the following properties:
1. (xn(vilv;f) <2m+1foreach 1 <i, j <m;

nm—1

2. Each color from 1 to 2m is used times;

3. And the number of edges colored by 2m + 1 is m.

Let us call this property the (a) property. For n = 3, we use the coloring 3,
from Theorem 4 and construct o3 as follows: foreach 1 <i, j < m:

03(vv3) = Bu(uv;), 03 (viv3) = Ba(viw;), 0a(v; v3) = Bu(uiw;).

Now we assume that a proper edge 2m + 1-coloring o, with the property (a)
is already constructed. We construct o, as follows: first we color the following

edges: foreach 1 < j, [ <mand 1 <i<n-2, let an(v3v§+l) = an,z(v;vf’]).
Let G = (WUU,E) be a bipartite graph where W = V! uV"~! C V(C,(m)),
U = {uy,uz,...,up, } and E connects the vertices v} of V! to a vertex u j» if there is an

edge adjacent to Vv*~! in C,(m) that is already colored with the color j,

i
and connects the vertices vl’.‘_1 of V"1 to a vertex u j» if there is no edge adjacent to

v;”l in C,(m) that is already colored with the color j. Note that since o, satisfies

the property (a), there is no color 2m + 1 on the edges adjacent to the vertices of V"~!
in oy,. Also, for each color i in 1,2,...,2m and for each jin 1,2, ...,m, the vertex u;

is either connected to v} or to v’}’l. So the graph G is a bipartite m-regular graph.

If we denote a proper edge m-coloring of G by 7, we can construct the remaining

colors of a, as follows: foreach 1 <i<m, pe{l,n—1},and 1 < j <2m, if

YW uj) =k, let a,(v/'v}) = j. It is not hard to see that the resulting coloring is

a proper (2m + 1)-coloring and satisfies the property (a). To complete the Proof,

times

. . nm
let us see that the coloring contains each color from 1 to 2m exactly

and the color 2m + 1 exactly m times, so the total sum of colors matches the expected
expression. O
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Cycle Powers.

Fig. 2. Cycle Power C%.

Theorem 6. Foranyn>3, m>1, 2m+1 <n, we have:

2 1
mm@ml) e s even,

Y@= mn£1)@m+1)
2

, otherwise,

and
J(C") = {Zm, if n iseven,

" 2m+ 1, otherwise.

Proof. If nis even, then Theorem 3 gives us that C)' admits a proper edge
2m-coloring . Similar to the previous theorem, since the degree of each vertex is

2m, each color appears on the edges incident to each vertex. There are n vertices in

2m—+1
total, so each color is used " times. Hence Z’ cr.B) = nm(2m+)

2 1
nm(2m+)’ which ends the proof for even n.

. Lemma gives
also that Z’(C,’f) >

For odd n, Theorem 3 and Theorem 1 give us s'(C") = 2m+ 1 and Lemma gives
m(n+1)2m+1)
us ) '(C) > 5
1)(2 1
such that Y '(C)y) = min+ )2( m )

Let us decompose E(C)') into sets E; U E, U ---UE,, where
Ei={vjyi|1<j<l<nand (I—j=iorl—j=n—i)} (1 <i<m).Note that the set

, S0 it only remains to show a proper edge coloring y

—1
E(CMNSvive—i |1 <i< r12} is a matching of size m in C)' each edge of which

lies in one of E;. We color these edges with the color 2m + 1 in y. Now we color
the remaining edges from E,, UE,_; with 4 colors, the remaining edges from
E,, »UE,, 3 with 4 new colors, etc. until E> UE;| with 4 new colors or E; with 2
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new colors depending on the parity of m. If m is odd, we need to color E; with
2 colors, which is trivial to do since E; is a hamiltonian cycle in C) one edge
of which is already colored with 2m 4 1 and the other edges can be colored with
alternating colors to make the coloring proper. Thus, it remains to properly color the
edges of E; UE; 1 (for certain i) with 4 colors considering one edge from E; and one
edge from E;,; are already colored with 2m + 1. Note that if we do that, we will
achieve Z’(CZ’, Y) = min+ 1)2(2m+ D
—— times and the color 2m -+ 1will be used m times.

since each color from 1 to 2m will be used

Now consider any E; and E; . If both E; and E; | are hamiltonian cycles, we
can color each of them with 2 colors as above and the problem is solved.
Otherwise, as Bermond et al. showed in [10] in Proposition, the graph E; U E;
can be represented as a graph G, where V(G) = {(u;,vj)| 0 <i<a, 0 < j <k}
and E(G) = {(ui,vj)(ui,vj+1)|0 <i<a, 0<j <k} U{(u,v;),(uir1,v;)| 0<i<
a—1,0<j <k} U{(ua=1,vj)(u0,vjsc)| 0 < j <k} (note that by j+ 1 and j+c we
mean a sum operation modulo k), where a > 3, k > 3, and a - k = n. Moreover, the
construction is not unique and the vertices (uo, vo), (10, v1), and (u;,vo) can be chosen
in a way that (ug,vo)(uo,vk—1) is one of the edges colored 2m + 1, the other edge
colored 2m + 1 is one of {(u;,v;)(uiy1,vj)| 0 <i<a—1, 0< j <k}, and the graph
G can be constructed upon this choice. First, we provide the coloring y on an example
when this edge is (uo, vr—2)(u1,vk—2). The other cases will be easy to show after a few
shifts on y. We construct the coloring 7 as follows (we denote the 4 colors by 1,2,3,4,
and the color 2m + 1 by 5 for simplicity):

1) forany0< ;< ?, let

Y((u0,v25) (w0, v2j41)) =2 and  ¥((uo,v2j41)(uo,v2j42)) = 3;
2) forany1<i<a—1,0<;< k_3, let y((ui,v2)) (Ui, v2j41)) = 3;

k—5

\9)

forany 1 <i<a-2,0<j<

, let y((ui,vajr) (Ui, vajs2)) =4

[\

forany 1 <i<a, let y((ui,vi—2)(ui,vi—1)) =2;

Y((uo,vo)(uo,vi—1)) =5, Y((ta—1,v0)(tta—1,vk-1)) = 1,

Y((u0, vi—2) (1, vk—2)) =5, Y((uo, vik—1) (u1,vk—1)) = 1,

Y((ur,vi—2)(u2,vi—2)) =1, and y((ur,vi—1)(u2,vi—1)) = 3;

7) forany 1 <i<a-—2, let y((ui,vo)(ui,vik—1)) =4;

8) forany 0<i< "%,ogjgk—a let
Y((uZiavj)(u2i+1vvj))3: 1 and  y((uoiv1,v))(u2it2,v;)) = 2;

9) forany 1 <i< a;, let

Y((u2i, vi—2) (U2i41,vi—2)) = 4, Y((u2i, vi—1) (U2ig1,vi—1)) = 1,

Y((u2ig1,vi—2) (U2ig2,vk—2)) = 1, and  y((u2it1,vi—1)(U2i42,vk—1)) = 3;
10) forany 0 < j <k—3, let Y((tta—1,v;)(u0,Vj+ec)) = 4.

)
. k=5
4) foranyOSJST, let y((ta—1,v2j))(Ua—1,v2j41)) = 1;
)
)
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(o0) o (o) () )

5

Fig. 3. The graph witha =7 and k = 5.

If the second color 2m + 1 is not on (ug, vg—2)(#1,vr—2), but is on some edge
(i, vk—2)(ui+1,vk—2), note that we can construct the coloring by taking the current co-
loring y and alternatively recoloring the edges (uo, vi—2) (41, Vi—2), (41, vk—2) (U2, vk—2),
vy (ti—1,Vk—2) (u;, vi—2) with colors 1 and 4. On the other hand, if this edge is on
(uo,vj)(ur,v;) that k —2 — j =d > 0, we can construct the coloring ¥ by
assigning Y ((ui,vi)(up,vg)) = Y((ira,vi)(up+a,vq)) to each edge except
(u0,v;j)(uo,vj+1), which we assign the same color as in y. The i+d and p+d
operations are modulo a. Similarly, we can construct the coloring for each case for the
appearance of the edge colored with 2m + 1 by applying the two shifting methods. [J
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N\ Jd. UbLUGL3UL

nrne NWUUUGR: 4 rUdLGrh NFUUNUSPL UNUSHL LELUNFUTLENLEND
UUuUbhUL

Gpudh gnudwpughtt Ynnuihtt dbpynudp bpuw Ynnbph hwdwyunpuuhiwubbi-
gnuill £ piwluwb pytphtt wybwytu, np hwpuwd Ynntpp hwdwyuwypuuppwtnud
G0 puwpptp pYtph (gnybtph) W pninp Ynntiph pYtph gnidwpp Gjwqugniyl
o Wn iuqugnyl gnudwpp Ynggnud £ gpudh Ynnughtt ppndunphlyy gnudwp,
hul] gnidwpuyhtt Ynnuyhtt dpdwt hwdiwp wbhpudbtoyn gnybtiph ojuqugnyb
pwiwyp Yneymd £ gpudph Ynnuyhtt wipnipynid: Wu wppuupubipnid yppyty th
ghyttph wuphdwbbtph b pinhwipugywd ghlyjtiph Ynnuyht ppndunphly gnidwph
U Ynnuyhtt wdpnipyub 8ogphyp wpdtipbiipn:
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I'. B. MUKAEJIAH

O CYMMAPHBIX PEBEPHBIX PACKPACKAX HEKOTOPBIX
CTAHJIAPTHBIX T'PA®OB

Cymmapnuast pebepHasi pacKkpacka rpada — 31o oTobpakeHue ero pedep
Ha TIOJIOXKUTE/IbHDBIE IeJIble YUCIa TaKuM 00pa30M, YTOObI CMEXKHBIM pebpam
COOTBETCTBOBAJIM pas3Hble dncja (IBeTa), a CyMMa ducesl BceX pebep ObLia
MUHUMAJIbHA. DTa MUHUMAJbHAS CYyMMa HA3bIBAETCsI pEOEPHO-XPOMATUIECKON
cymMmoii rpada, a MUHUMAJIbHOE KOJUYECTBO I[BETOB, HEOOXO/IMMOE s
CyMMAapHOI pebepHOll paCKpacKM, HA3bIBAETCsi PeOEPHOIl MOIIHOCTHIO rpada.
B nanmoit pabore MBI IPUBOAUM TOYHBIE 3HAUEHUsST PEOEPHO-XPOMATUIECKHIX
CyMM U pebepHOIl MOIITHOCTH JIJIsi CTEIeHeH MUKJIOB U 0DOOIEHHBIX ITUKJIOB.



